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The tensor products of the irreducible representations of the algebra of contin-
uous functions on the quantum group SU (2) were studied. Using the methods
of g-calculus it was proven that the tensor product of two infinite dimensional
irreducible representations may be decomposed into a direct integral of
irreducible representations.

I. INTRODUCTION

The algebra of continuous functions C(SU (2)) (Refs. 1 and 2) on the quantum group
SU,(2) is deﬁned as the universal enveloping C*-algebra of the unital *-algebra generated by
four elements a, @, b, b satisfying the following relations:

ab=q"?ba, ab=g¢"*ba, bb=bb,
(1.1)
ag—ada=(g~"?—g"?)bb, aa+q"*bb=1I.

We assume that —1<g¢"?<1, ¢"”250. The involution is defined by a*:=a and b*:=b.
C(SU,(2)) is a Hopf C*-algebra with the coproduct A given by

A(a)=a®a—beb, A(@)=aed—beb,
A(b)=aob+bed, A(b)=asbtbea, (1.2)
the counit € given by
e(a)=e(@)=1, e(b)=e(b)=0, (1.3)
and the antipode S given by
S(e)=a, S(a)=a, S(b)=—q ", S(b)=—gq"?. (1.4)

The irreducible *-representations of C(SU,(2)) were classified in Refs. 1 and 2. It was
found that C(SUq(Z)) has two distinct families of irreducible representations, one dimensional
and infinite dimensional (see Sec. II for details). Since C(SU,(2)) is a bialgebra, the category
of its representations comes naturally equipped with a tensor product. In this paper, we
compute the tensor products of irreducible representations of C{SU,(2)). Our main result is
that the tensor product of two infinite dimensional irreducible representations is equivalent to
a direct integral of infinite dimensional irreducible representations (see, e.g., Ref. 3 for the
definition of a direct integral).

The proof of this result involves a number of combinatorial identities of g-calculus.*’
Throughout the paper we use the standard notation of g-calculus as explained, e.g., in Ref. 5.
In particular, for |g| <1, aeC, we set (a;q)p:=1, (a;9) =Tl jcn—1 (1—ag’), if n>1, and
(@39) :=T1 j,0(1—ag’).
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1l. TENSOR PRODUCTS OF IRREDUCIBLE REPRESENTATIONS OF C(SU(2))

Let m:C(SU,(2))—.2 () be an irreducible #-representation of C(SU,(2)) in the C*-
algebra . (J7°) of bounded linear operators on a Hilbert space #°. According to Refs. 1 and
2, m is unitarily equivalent to one of the following two families of representations.

One dimensional representations p,, The Hilbert space is #°=C and

pe(a)=e®,  p,(b)=0,
. _ (2.1)
ppl@)=e""%, p(b)=0,

where 0<@ < 2.

Infinite dimensional representations g The Hilbert space is #° =/(Z_ ), where Z__ is the
set of non-negative integers. Let {@,},z be the standard orthonormal basis for &#° and let
E,, €L (F¢) be defined by E,, ,6,=5,ib,,. We set for 0<6 <2,

779(‘1)= Z (l_q")l/zEn—l,m ”G(b)=eie z q(1/4)(2n+l)En,n ’
n>1 n30

(2.2)

mo(@) = > (1—g"*W2E, .. wg(b)=e=" Y V/H0r+DE .
n»0 n»0

Our concern in this paper is the study of tensor product of representations. Recall that if
‘rr:C(SUq(2))—>$(9?”) and p:C(SUq(Z))—».Q’( &) are representations of C(SUq(Z)), then
their tensor product 7 ® p is defined as the composition of morphisms

C(SU,(2)) _, C(SU,(2)) @ C(SU,L(2)) - L (#) ® L(F),

where ® denotes the spatial tensor product of C*-algebras [since C(SU,(2)) is nuclear,' the
choice of C*-norm on the tensor product C(SU,(2)) ® C(SU,(2)) is, in fact, optional]. The goal
of this paper is to prove the following theorem.

Main Theorem: The following unitary equivalences hold:

(1) Pp® Po=Pypio: (2.3)
(i) pp® o=y g, (2.4)
(ili) 7,® pg=7y_g, (2.5)
[::]
(iv) mp®mg f T da, (2.6)
sl

where @+ 6 is defined modulo 27, and where da is the normalized Lebesque measure on S'.

Beginning of the proof of the Main Theorem: Since A is a *-homomorphism of C*¥-algebras,
it is enough to verify the isomorphisms (i)-(iv) when applied to a and b. Verifying (i) is easy
and we omit the details. To prove (ii) we note that

(P<P® 178) (a) =€ 21 (l_q”) I/ZEM—l,n ’
nz

{ 1/4)(2 1
(Pp®Tg) (b) =e'P+®) 3 WO+ DE
n»0
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Define U:Iz(Z+) —»IZ(Z+) by U¢,,=e_i”“"¢,,. Then U is unitary and

U=} (pp@ ) (a) U= Zl (1~¢"'"E,_y,,
n>

U_I(p¢,® 776) (b) U=ei(¢7+9) z q(1/4)(2n+1)En,n i
n>»0

The claim follows. The proof of (iii) is similar and we omit the details.
To prove (iv) we observe that, as a consequence of (i)—(iii),

Tl"q,@ﬂ'g%p‘p_g@ (1T0®7T()),

and so we need to show that

@®
17'0877'0%[] T, da, 2.7)
s
and
[::] @®
pi® f] Ty dQ e f} T, da. (2.8)
s s

We will prove Egs. (2.7) and (2.8) in the following section.

1. PLANCHEREL THEOREM

In this section we reduce the proof of Eq. (2.7) to the proof of a Plancherel-type theorem.
This theorem will be proven in Sec. IV.

We begin by defining a sequence {w,,},,ez+ of A(Z,)eP(Z +)-valued distribution on S'.
We set

wola)= 2 of(a)¢$,®4, O<a<2m, (3.1)
prel

where the coefficients w§’(a) are defined as follows:

(4:9) >1/2 g(Ver _
b (a) = z elr—nea (3.2)
0" () ( 2 ) @ g"
For each n>1 we set
w.(a)=(g:9); *A(@)"00(a), (3.3)
with the obvious action of A(&)” on wy(a).
Proposition 111 1: With the above definitions,
A 0 =0, 3.4
(a)wn(a)— (l_qn)l/an_l(a)’ n>1, ( B )
A@D o, (a)=(1—¢"" )0, (a), (3.5)
A(b)wo,(a) =g+ (a), (3.6)
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AD)w,(a) =e~iag/MCn+Dy, (q), (3.7)

Proof} The proof is a simple verification. For example,

A(@agla)= 2 b (@){m(a)d,® mo(a)d,—mo(b)d,® mo(h)d,}

prel

— 2 {(l_qp+1)1/2(1_qr+l)1/2wg+l,r+l(a) _q(l/Z)(p+r+l)w6,r(a)}¢p®¢r
p,I€Z+

=0.
a

Proposition III 2: As Hilbert space valued distributions on S,

(wn(a)awm(B))=6n,m6(a_B)' (38)
Proof: We have
(wo(@),00(B))= 2 f’(a)*af’(B)
preZ
_49). & -nB-a
2r 50 (@9),(4:9),
. r(r+k)
=% z gk (B—a) __.q— (3.9)
2r G 50 (@9) (@:9) 1k
Using Eq. (2.2.8) of Ref. 1 with z=¢**! yields
z qr(r+k) 3 1 qrz—r(qk+1)r 3 1 3 1
% (@) 6D,k @Di 5 (@D D), (@@ 5. (D).’
and so
(3.10)

1 .
(@o(@)@o(B))=5- 2 e“P~"=5(a—B),

T kez
as claimed. This establishes Eq. (3.8) for n=m=0. Let n> 0. Then, by Eqs. (3.3) and (3.4),
(0n(@),00(B))=(1—¢") A (@) @y 1(@),00(B)) = (1—¢") "X, (a),A(a)wy(B))=0.
(3.11)

For the general case, it is no loss of generality to assume that n=m+k, k>0. Then, as a

consequence of Egs. (3.3)-(3.5),
—~1/2

(@i i(a),0,(B))= Hl(l—qk”)(l—q)j (wr(a),A(a)"A(@)"wo(B)).
j=

If k> 0, then this is zero as a consequence of Eq. (3.11) and the fact that A(a)™A(@)™ acts

diagonally on w,(f3). If k=0, then
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(wo(a),A(a)"A(@)"wo(B))=(g:9) mlwo(a),wo(B)),

and the claim follows from (3.10). a
Theorem III 3 (Plancherel Theorem): For fel*(Z,) ® P(Z.,),

I£1P= 2 fl | (@a(a),f )| da. (3.12)
n30 JS§

We are now prepared to complete the proof of the main theorem.
End of the proof of the Main Theorem: We define a map

U:fe: HK,doa—H eI, (3.13)
N

where ﬁfa=§?a=lz(l+), in the following way. For x,,e‘gw(S') and any N we set

U( DENS )¢,,)== 2 | *(Bwn(B)dB. (3.14)
n<N n<N JS
Then, as a consequence of Eq. (3.8),

U( 2 xa(- )¢n)

n<N

2

2 %.(* s

n<N

’

2
=2 | |%(B)|*dp=
S

n<N

and so U is an isometry. To prove that U is onto we define a map

®
V:%”@ﬁ/-»f #, da (3.15)
Sl
by
(VY (@)= 2 (0,(a),f ). (3.16)
n>»0

Then by Eq. (3.12),

IZA = 3 [ | 1@@nf )12 da=|A,
n»0 JS

and so V is an isometry. Furthermore,

(VUx, () )a)= Zo(w,,,(a),U(x,,(~)¢,,))¢m= 2 o (0m(a),0,(B))x,(B)EB b
mp

m30

=x,(a)¢,,

and so FU=I. Therefore, V is bijective and its right inverse is U. As a consequence, U is the
inverse of V, and so Eq. (3.13) is an isometric isomorphism. Now,

(U_](7T0® 77'0) (a) U¢n)(a) = Z (wm(a)a(17'0® 7TO) (a) U¢n)d’m
m»0

=3 o (wm(a),A(a)w,(B))dB ¢, -

m»0
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This equals 0, if n=0, and
(1=g0" 2 | (0m(0),0,1(B))dB $=(1-¢")"$,_1,
m3»0 JS§

if n> 0. Similarly,
(U (mo@m) (B)Up)(a)= 2 f,(wm(a),A(b)wn(B))dB¢m
m»0 JS

=D 5 | (@p(a)on(B)e? dB g,
m»0 JS

—eiag(/HntDg

The proof of Eq. (2.7) is complete.
To prove Eq. (2.8) weset for x(+) = 2,,0%,( " )@, € f;’l?fa da,

(Tix) (@)= D, x(a—A)e"e,. (3.17)
n»0

Then T, is a unitary operator on [ ;%’ . da and

T;'(m)@‘n'o) (@) Tx=e*(my® my) (a)x,
(3.18)
T7 (9@ m0) (b) Tix =€ (my ® mo) (b)x,

where we have identified 7y ® m, with the corresponding representation on [ ;125’,1 doa. This
proves the equivalence Eq. (2.8). O

IV. PROOF OF THE PLANCHEREL THEOREM

In this section we prove Theorem III 3. The proof is a rather tedious computation using a
variety of g-calculus identities. In order not to interrupt the main line of computation, we defer
the proofs of three crucial combinatorial identities to Sec. V.

We need to show that for all p,r,s,teZ ,,

S [ @n@),86)6,8 b,0,(@)da=5,5,. (1)

n»0
Denoting by w}'(a) the Fourier coefficient of w,(c) with respect to the basis ¢,® ¢,, we can

write Eq. (4.1) as

ZO o R (@rar (@)da=8,5,. (4.2)
n>

Lemma IV I: For any n>0 we have
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(80) o\
wﬁ"(a)=(—1)"(%) (@0 (69), (@),

1/2){(p— k) (r— k) + (n— k) (p+r—2k+ 1)}

q .
(—DF elte=ne, (4.3)
x 0<§<n (:90) k(89— 1(4:9) n— (50D &
Proof: We have
o(a)=(g:9); (@8 a—be b)"wy(a) (4.4)
(to simplify the formulas we have suppressed all the 7y’s). Recall that for x and y obeying the
algebra
xXy=gqyx (4.5)
we have the following binomial formula:
M\ kon—k
(x+p)t= 2 () Yo"k (4.6)
0<k<n q

where (%) ¢= (9.9),/(4:9) 1(q;9) ,_ is the g-deformed binomial coefficient. Since x= —beb
and y=a®a obey Eq. (4.5), Eq. (4.6) yields

o (a) _
—(—_ 1Y (-0} 172 1 k__ oY il A kg
on@)=(=1"g:), 0<%<n( ) (@D Tt $,®3 ¢
Using Eq. (2.2) and Eq. (3.2) we easily obtain Eq. (4.3). [}

We now substitute (4.3) into the left-hand side of (4.2). The « integration produces
Op—rs—k Weset a:=p—r=s—t and assume in the following that a>0. The case a<0 is similar
and we omit the details. Introducing the notation

A:=g VD0 (g.0) 2 (g:9) ) (g0) A (@39))7 (4.7)

we rewrite the left hand side of Eq. (4.2) as

Alg ., 2 2 2 (=D,

n>0 O0<k<n O<ikn

q(3/2)k2—k/2—(2r+a)k+(3/2)12-—1/2—(2t+a)lqn(r+t+a—k—-1+ 1)

X (:9)r— (80 11+ 0 (GO (B9 n—1(2:9) 1 8D 10— (9 (@:9) it

(4.8)

Using the obvious identity

1 (" *+Lg),
(@GDnk  (GDa

, (4.9)

we note that the constraints k<n and /<# in Eq. (4.8) may be dropped. We can thus inter-
change the order of summations and perform the summation over # first. Using the g-binomial
formula
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1k .
(@)= 2 (—1)'(,-)q“/2”(””a’, (4.10)
0<i<k q

we obtain
n(r+t+a—k—I+1)

Z‘I

e G T C
n> n

— it — kil (1/2)iG+ D)+ (1/2) jO+ 1)
= (—1)"q

o<i<k 0gj<!
(r+t+a—k—I+i+j+1)
x(’f) (’) 5 & . (4.11)
AV B (4:9)n

We now use the familiar formula

s z 1

S (@9, @)L’

|z <1, (4.12)

with z=g +*+e—k=1++/+1 (observe that |z| <1, as r+74+a—k—1>0) to obtain

qn(r+t+a—k—l+i+j+l) 1

(q;q)r+t+a—k—l+i+j
(3:9)

S0 (q,q)n (qr+t+a—k—1+i+]+l;q)°°_

As a consequence of these manipulations, Eq. (4.8) becomes
q p
A 2 Z Z 2 q(3/2)k2—k/2—(2r+a)k+(3/2)12—1/2—(2t+a)1+(l/2)i(i+1)+(1/2)j(j+1)—ik—jl
k>0 >0 0<ick 0<j</

(=D g rva kiviv)

X . (4.13)
(D) r— @D r 40— @D (GD k- BD) 189 10— 10839 (8:9) 1 5
We now perform the summation over i.
Lemma IV 2: For a non-negative integer p,
: PN -
z (—1 )tq(1/2)1(1+1)—1k( i) (q;q)p+i—k= (q;Q)p_qu(p_k"’”. (4.14)
0<ick q

Using the above identity with p=r4-t+a—I/+ j we rewrite Eq. (4.13) as

4y > Y (___1)f+k+lq(l/2)k(k+l)+k(t+j—l—r)+(3/2)12——1/2—(2t+a)l+(1/2)j(j+l)—jI
k>0 10 0< k!

% (q;q)r+t+a-l+j—k
(GDGD - BD 10— BD 1~ BD 140 G0 (GO 1—;

(4.15)

We now perform the summation over k in the above expression.
Lemma IV 3: For u,veZ , such that u—v30,

r (q;q)u+r—k u
(—l)k (1/2)k(k+1)+k(u—v—r)( ) =( : )u—u( ) . (4.16)
0§<r ‘ k) o (@@ vsr—k 74 vtr/,
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Using the above identity with u=¢+a—I+ j, v=a, we rewrite Eq. (4.15) in the form

i DRl oy
(—1)l=ig VE—1/2— K2t +a) + (1/2) j(j+1) Jl(q;q)t+a_l+j(q;

A Z q)t—1+j (417)

50 o<t (@D AG59) A GD 140150 1- (6D (§9) 4050 114

Observe again that the constraint j</ may be dropped (at the expense of adding zeroes to the
sum). Substituting /— j—/ in Eq. (4.17) we rewrite it as

(3/2)F—1/2—I(2t+a) .
A 3 (12 >4 “’f'—f(2'+“><t“.l) @8 ivant
(G949 40 i50 (@ AGD) -1 50 J 1 (@@ rai—j
(4.18)
To compute the sum over j we use the following combinatorial identity.
Lemma IV 4: For a non-negative integer a,
D q(k—j)2+a(k—j)(k.) (3:9) k10 _1 (4.19)
0< j<k J q (q;q)k+a—j
Using Eq. (4.19) with k=¢—/ we write Eq. (4.18) in the form
1 t—r
—Peta L (1/2)I(1—1)
A > (=g ( ) : (4.20)
(@D o@D, | i>0 I,

Using Eq. (4.10) we obtain

t—r
> (—1)’q“/2”“—”( / )=(1;q>,_,=6,_,,o.

o<i<t—r q

As a consequence, Eq. (4.20) is equal to &, as claimed.

V. PROOF OF THE COMBINATORIAL IDENTITIES

In this section we establish the combinatorial identities (4.14), (4.16), and (4.19) used in
the previous section. The proofs follow a standard pattern familiar from ¢ calculus.

Proof of Lemma IV 2: We denote the left hand side of Eq. (4.14) by 4(p,k) and observe
that

A4(p,0)=(g;9),. (5.1)

Now, using the well-known identity for the g-deformed binomial coefficients,
n+1 n m n
(o) =) (") 52
q g q

A(pk+1)=A(p—1,k) —q~*4(p,k). (5.3)

it is easy to verify that

This recursion relation has a unique solution satisfying Eq. (5.2) for all p. Setting 4(p,k):
=(:9) p—xg"?~**! we see that this is the required solution to Eq. (5.3). ]

Proof of Lemma IV 3: We denote the left hand side of Eq. (4.16) by A(u,v,r) and observe
that
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(3:9) .
A(uw,0)= . 5.4
( ) (%:9), (54)
As a consequence of Eq. (5.3), 4(u,v,r) obeys the following recursion
A(uo,r+ 1) =A(u+10+1,7) —g“~"""A(u,p,r). (5.5)

This recursion relation has a unique solution satisfying Eq. (5.4). Setting A(u,v,r):
=(4;9) y—o(y+,) ¢ we verify that Eq. (5.5) holds and so this is the required solution. m|

Proof of Lemma IV 4: Substituting k — j— j we rewrite Eq. (4.19) in the following slightly
simpler form:

z qj(j+a)(k) (q;q)k+a__1. (56)

0<jck J P (q;q)j+a—

Let A(a,k) denote the left hand side of Eq. (5.6). Then

A(a,0)=1, (5.7)
for all a. Using the identity
n+1 n n ntl—m
(2B o
g q q
we find that
A(a,k+1)=A(a,k) +g "+ (4(a+1,k) —A(a,k)). (5.9)
This recursion has a unique solution satisfying the initial condition (5.8). Clearly 4(a,k) =1 is
the required solution. O
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