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Abstract

We study a three-parameter stochastic volatility model, originally
proposed by P. Hagan, for the forward swap rate. The model is essen-
tially a stochasticied version of the CEV model, where the volatility
parameter is itself a stochastic process. We construct a computation-
ally efficient, asymptotic solution to this model. This solution allows
one to fit a variety of shapes of the volatility smiles in the swaption
markets. The technique used to obtain this solution is a WKB expan-
sion around geodesic motion on a suitable hyperbolic manifold.
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1 Introduction

A swaption is an option to enter into a swap. A receiver (payer) swaption
gives the owner the right to receive (pay) fixed rate on the swap.

Market lingo: a T into M swaption is a swaption expiring 7' years from
now on an M year swap. Thus a 7% 5 into 10 receiver is an option to receive
7% on a 10 year swap starting 5 years from now.

The market practice is to quote prices and calculate risk parameters of
European swaptions in terms of Black’s model:

dFt = O'Ftth,

where F; is the forward swap rate, and o is the implied volatility or “Black’s
volatility”. For simplicity, rather than pricing calls and puts, we consider
the Arrow-Debreu security whose payoff at time T is given by 0 (Fr — F),
where 0 denotes Dirac’s delta function. The time ¢ price G (¢, f; T, F) of
this security (or, the transition probability) is the solution to the following
parabolic problem:

0G 1, ,0°G
E—FEU]C@—F—O,



Gt f;T,F)=0(f—F), att="1T.
Thus the price V' of a payer struck at K is

V—N/G(t,f;T,F)maX(F—K,O)dF,

where N is depends on the notional principal of the transaction and today’s
term structure of rates but not o.
The solution is

2 7'0'2
CUSTE) =\ 3o (Jbgz(gf)) T3 )

where 7 = T' — t. This leads to the well known Black’s formula for pricing
swaptions.
The reality of the market is that implied volatility is a function o =

o (K, T, f) of

o strike K,
e time to expiry 7',
e today’s value of the forward f.

The dependence of 0 on K reflects economic realities, and is referred to
as the option smile.
Why modeling smile is important?

e Transaction pricing;
e Portfolio mark to market;

e Portfolio risk: smile adjusted delta is

ov Voo
of = 0o of
Oo
0 + 8f’
where A is the B-S delta, and A is the B-S vega. Similarly for the
other greeks;

A:



e (Calibrating term structure models for pricing exotic structures, trans-
actions with embedded options, etc.

How to model smile?

Interpolate brokers’ quotes;

Shifted lognormal model:

dF, = (01 F; + 09) dW;

CEV model
dF, = o FdW,, 0 < 8 < 1;

e Stochastic volatility models;

e ..
Implementation issues:

e Exact solutions;
e Numerical implementations (tree, MC, PDE);

e Approximate analytic solutions.

2 Stochastic CEV model

Replace Black’s model by the system

dFt = O'tb<Ft)th,
dUt = UUtdZt,

where the two Brownian motions are correlated:

For the CEV model
b(F)=F"
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Hagan’s formula
Implied normal volatility o, has the following asymptotic expansion

_ g I K
onp = ’U50 (f’ K) X
(1 + 2—14 [(272 = 1) o®b ()" + 6pvomib (f) + (2 = 3p%) v*] 7 + .. ) :
where
2 _ —
Q) = log oL

v I du
<= 5o
and T =T —t,y1 =V (f),=0b"(f).
We consider the Arrow-Debreu security whose payoff at time 7' is given by
d (Fr — F,or — X), where § denotes Dirac’s delta function. The time ¢ price
G (t, f,0;T, F,%) of this security is the solution to the following parabolic
problem:

oG 1, , 0°G 0°G ,0°GY
5 T3¢ (b(f) a—f2+2vpb(f)afaa+v 507 =0,
Gt f,oT,F.X)=6(f—F,0c—%), at t =T.

The price of a payer struck at K is now
vV = N/G(t,f,a;T,F,Z)max(F—K,O)dFdZ
= N/Gg(t,f;T,F)max(F—K,O)dF,

where

Gg(t,f;T,F):/G(t,f,cr;T,F,E)dZ

is the marginal transition probability.
The coefficients in this problem are time independent, and so G is a
function of 7 = T" — t. Denote this function by G (f, o, F, ;7). Introduce



the following variables:

s = 7/T,
r = f,
X = F
y = o/v,
Y = X/v,

K (x7y7X7Y; 5) = TG (x,vy,X, UY, 8T> .
In terms of these variables, the initial value problem can be recast as:

oK 1 , , O°K PK K
o o 2 2
Os 2 (b (z) Ox? +2pb(x) Oxdy - oy? )’

K(Z’,y,X,Y,O) = 5<$_X,y_Y), atS:O,

where
e = 0T.

It will be assumed that e is small and it will serve as the parameter of
our expansion. The heuristic picture behind this idea is that the volatility
varies slower than the forward, and the rates of variability of f and o/v are
similar. The time T defines the time scale of the problem, and thus s is a
natural dimensionless time variable. Expressed in terms of the new variables,
our problem has a natural differential geometric content which is key to its
solution.

3 Exactly solvable case
Let b(F) =1, and p = 0:

dﬂ = O-tthv
dO’t = UO'tdZt s

Also define x = f,y = o/v. Then the problem becomes:

0K 1, [(0PK 0°K
or 2 ox?  Oy?
K (z,y, X, YV;7) = 0(z—X,y—Y), at 7 =0.

)
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This is the heat equation on the Poincare plane!
Recall that the Poincare plane is the upper half plane H? = {(z,y) : y > 0}
with the line element
o  dr?+ dy?
ds® = ———.
)

This comes from the metric tensor

1 1 0
h:ﬂm)‘

The geodesic distance d (z, Z) between two points 2,7 € H?, z = x + iy,
Z=X+1Y is
ERAh
29
where |z — Z| is the Euclidean distance between z and Z.
The heat equation on the Poincare plane can be solved in closed form:

coshd(z,7) =1+

K(z,Z;7)=

6_d2/27\/§ oo ue—u2/47' p
—— u
(477)*"* Ja(z,2) \/coshu — coshd (2, Z)

Asymptotic expansion as 7 — 0:

1
_67d2/27' : d
2T sinh d

1 /dcothd — 1
<1—§(T+1) T+O(T2)).

4 Geometry of the full model

Let M? denote the first quadrant {(z,y) : x>0, y > 0}, and let g denote

the metric: X
P
—1 )2 T 2b(z
g=(1-¢) ( Rl ) -
2

The case of p = 0 and b (z) = 1 reduces to the Poincare metric. The metric g
is the pullback of the Poincare metric under a diffeomorphism: choose p > 0,

K(z,Z;1) = X




and define ¢, : M? — H? by

Pp (2) = (\/%QQ (/:%—py), y>,

where z = (z,y). The Jacobian V¢, of ¢, is

L __p
Vo, (z) = ( \/1—6)2b(x) \/11_92 ) ’

and so ¢yh = g, where ¢ denotes the pullback of ¢,.

The manifold M? is thus isometrically diffeomorphic with a submanifold
of the Poincare plane. Consequently, we have an explicit formula for the
geodesic distance § (2, Z) on M?:

coshd (z,Z) = coshd (¢, (2), ¢ (2))
2
B (J}?%) 20y —=Y) ¥ i+ (y = Y)’
- 2(1—p?)yY ’

where z = (z,y) and Z = (X,Y) are points on M2. The volume element on
M? is given by

1 dxdy

- 2b@ g

Let 2! =, 2 =y, and let §, = 9/9z", u = 1,2, denote the correspond-
ing partial derivatives. We denote the components of ¢! by ¢**, and use
g~ ! and g to raise and lower the indices: z, = g,,2", " = ¢"*0, = 0/0z,,

where we sum over the repeated indices. Explicitly,

o' =
P =

2 (b ()8 + pb(x)8y)

y
y* (02 + pb () O1) .

Consequently, the initial value problem can be written as:

0 1
_— : g — I .
8SK(z,Z,s) 258 0K (2,Z;s),

K(2,Z;0) = 6(2—Z2).

Except for b (x) = 1, 9*9, is not the Laplace-Beltrami operator on M?.
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5 WKB method

We seek K (z, Z;s) in the form

K (2. 258) = R (e Zis)esp (25 (2. 259))
£

e

S (z,Z;s) is assumed independent of e. R (z,Z;s) depends on ¢ and is as-
sumed smooth at € = 0. Substituting we obtain the following two PDEs:

1
S + 58"5’ 0,5 =0, (1)
where the subscript s denotes the derivative with respect to s, and
(R?), + 0" (R*0,S) = eRO"9,R.

Equation (1) is the Hamilton-Jacobi equation for a free motion of a particle
on M2, S (z,7;s) is the action function.
Now factor out the e-independent part of R (z, Z;s):

R(z.Z:s)=q(2,2)"°Q(2,Z;5)

and make the following asymptotic expansion in e:

Q(z,7;s) Zst (2,72;5),

k>0

with
QO (z,Z;s) = 1.

Then the function ¢ (z, Z; s) satisfies the transport equation,

and for @ (z, Z; s) we find the equation:

Qs +0"Q 9,5 = e=——0"9, (q 1/QQ) .

2 1/2

This last equation is equivalent to an infinite system:

Q (k+1) _'_8NQ k+1)3 S = _\/_aua (\/§Q(k)) ’

which we call the WKB hierarchy. The three equations:
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e the Hamilton-Jacobi equation
e the transport equation

e the WKB hierarchy

form a basis for solution of our problem.
Solve the Hamilton-Jacobi equation
We set

S(2,2Z;5)=5%(0(2),0(2);s),

where ¢ = ¢y. Then S° satisfies the Hamilton-Jacobi equation on the

Poincare plane:
S0+ y((S)2 (5)") =o.

Seek a solution S° (w, W;s) = f (r;s), where r = d (w, W). Then f satisfies

1 2
s ’~ :Oa
f +2f7‘

and so ]
2
* = -_— t'
f(r;s) 55" + cons

We will choose const = 0. Consequently,

$(.2is) = 5-d(0(2),0(2))

1 2
= —i(2,74
28 <Z7 )
It is (after reinstating the constant const) the complete integral of the Hamilton-
Jacobi equation.
Solve the transport equation

We set
q(z,7;8) = p(o(2),0(Z);s)det Vo (2)
1
= m]l)W(fz)’(ﬁ(Z)yS)
to find that

ps + O (p(?uSO) =120, (log B) 0,5,
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where B (¢ (z)) = b (z). Substituting p = ¢°B we find

g5 +y* ((q°52)$ + (qOSS)y) = 0.

This is the transport equation on the Poincare plane. We seek a radial
solution ¢ = f (r,s). Then

s(frsinhr), 4+ 7 (frsinhr) = 0.

This means that f (r,s) rsinhr is a function of r/s:

_x(r/s)
frs)= rsinhr’
and so
0 (2. 7 5) b(o~" (2))

T Vi@
x(0(z %) /s)
d(z,Z)sinhd (2,7)

Solve the WKB hierarchy
Well, ok, let’s stick with Q© (z, Z;s) = 1.

6 Probability distribution

We put everything together and verify that in order for the initial condition
to be satisfied we need to choose y (u) = u?. Hence finally we obtain the
asymptotic formula

1 B(z,X)
2%53\/1—7p2 b(x)
(=7 o {_5(2, 7)?

K(z, Z;s) =

sinh ¢ (z, Z) 2es } (1+0(s2).

First we calculate the approximate marginal probability distribution from
the WKB Green’s function:

Ky(x,X;s):/ K (z,Z;s)dY
0
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N 2mes/1 —p \/
/ N ERIC (z,2)*\ dY
smh5 (2, Z) P 2es Y2’

To evaluate this integral we use the Laplace method: as ¢ — 0,

| e = | e ) (140 ().
0 9" (uo)

if ug is the unique minimum of ¢ with ¢” (ug) > 0.
Let us introduce the notation:
1 [ du
1
y Jx b(u)

Given z, X, and y, let Yy be the value of Y which minimizes the distance
d(z,7), and let §y (¢) be the corresponding value of 0 (z, Z). Explicitly,

Yo (Cy) = yv—2pC+1,
2 _
Q) = log T,

Introduce the notation

I(¢)=+v¢*—2p¢ +1.

This yields

1 B(z,X) 52
Ky (r, X55) = J exp |~ 2L (140 (se))
/27ra‘sy2[ () b(z) P { 2es }

This is the desired asymptotic form of the marginal probability distribution.
Let us now compare this result with the normal distribution function:

1 (z — X)*
P(r,X;s) = ————exp | ———" |,
( ) \/2msey? p( 2sey;, )
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where g, is related to the normal volatility o, by 3, = 0,/c'/2. We shall
relate the cumulative distribution function

o) 2
Pz, X:8)dX = —— _ 0 Can
/K (x s) SR exp{ }

= 1erfc(K x)
V2seyn

to the cumulative distribution function of K, (z, X;s). Neglecting the terms
of order O (£2), we have:

/ K, (z,X;s)dX =
K

/ x X))
\/ 27rssy 25 S

We substitute a new variable in the mtegral above,
1 [* du
h=h(X)=20b (- / —),
(X) " (y x b(u)

/ K, (z,X;s)dX =
K

T fo\ T 2

Expanding as ¢ — 0, and comparing the terms we obtain Hagan’s formula.

which yields

7 Further developments
e Mean reversion in the volatility dynamics
dFy, = ob(F)dW,,
doy = Moy <log az) dt +vo,dZ;,
E[dW,dZ,] = pdt t
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e Time dependent parameters

dﬂ = (ltb (Ft) O'tth,
dO’t = 'UtO'tdZt,

e Term structure model with stochastic volatility consistent with the
vanilla model.
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