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Abstract: We compute the smooth cohomology (both unrestricted and compactly
supported) of the supercharge of an ultraviolet cutoff N = 2 supersymmetric LandauGinzburg field theory.

I. Introduction
/.A. The two-dimensional N = 2 supersymmetric Landau-Ginzburg models (also
known as Wess-Zumino models) were introduced in the physics literature in the
seventies. For early results, see [CGP] and references therein. Constructive field
theory aspects of these models were a subject of many investigations, see [JL] and
[J] for references. The Landau-Ginzburg models provide useful examples to study
complex physical and mathematical phenomena of supersymmetric quantum field
theory which are much harder to control in the four dimensional world. Recent
revival of interest in the Landau-Ginzburg models stems largely from the fact that
they seem to play a role in various "compactification" scenarios of string theory
(see e.g. [CV] and references therein).
Supersymmetric quantum field theories provide non-trivial examples of infinite
dimensional non-commutative geometries [C]. In particular, supersymmetric field
theories with N = 2 supersymmetries lead naturally to structures which can be regarded as examples of non-commutative K/ihler geometry. For the Landau~Ginzburg
models, the underlying infinite dimensional geometry is flat. What makes them nontrivial is the non-linear self-interaction term in the Hamiltonian. One of the fundamental difficulties in studying the mathematical structures associated with this model
is of technical character: to show that the Hamiltonian is well defined on a dense
domain, and that its heat kernel is trace class. This requires a detailed analysis of
a suitably regularized form of the Hamiltonian.
I.B. In this paper, we choose a particular regularization, namely the sharp ultraviolet cutoff M. This amounts to suppressing all the modes with IP] > M in the
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Fourier expansion of the field operators. The regularized Hamiltonian has then the
following form. Let 6M be the following regularized delta function,

av(~) =

sin(M + 1/2)osin a/2

(I.1)

By y~ we denote the two-dimensional Dirac matrices,
70 =

(0 ;)
1
,

71 =

(0-1)
1 0

(I.2)

'

and define the chiral projections,
A+ = 1(I + 7021).

(I.3)

Finally, we define the following operator:

Dr(a) = iT1Ocr4- A+pMv2V((o(a)) 4- A-PMV2V(~(a)),

(1.4)

where V is a (polynomial) superpotential, and where the projection operator PM is
defined by (PMf)(a) = f s I aM(a -- z)f(z)dv. Then

Dv = f(~(G),~(~) + ~F(-)~,r

+ f ~(-)Dv(G)q,(~)d~

S1

S1

4- f
S1•

VV(c~(a))(SM(a- z)VV(r

0.5)

1

where ~(cr) is the canonical momentum operator, and where

r

( ~/1(0-)'~
=

\~2(~))'

~(o')

I//*((7)))0
=

(~/2(),
=

*

~

//t~(o-))

(I.6)
"

Throughout this paper, we work with the regularized theory only. All our results
are, however, uniform in the cutoff M, and we believe that they hold true for a
suitably defined limit M ---+oo.
I.C. A particular feature of the above regularized Hamiltonian is that it is a square
of a fermionic operator, the supercharge. Specifically, with

4- i~11((7)~TV(O(a)) 4- ~12(tY)~V(~(ff)))da 4- helm. conj.,

--2

(1.7)

we have Dv = Qv. This property indicates that Qv is a Dirac type operator, and
the natural problem is to study the properties of its kernel and in particular its
index. Physically, the kernel of Qv consists of the (zero energy) ground states of
the Hamiltonian. It is easy to see that Qv has the structure Qv = Ov 4- Or, where
~v is a coboundary operator, and where ~v denotes its hermitian adjoint.
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In this paper we are concerned with the cohomology groups of the operator ~v
which we believe are related to the space of harmonic forms of 0 z . We explicitly
compute the smooth and compactly supported cohomology groups of this operator,
and show that they depend only on the singularity structure of the superpotential.
We establish a vanishing theorem for the smooth cohomology associated with the
operator ~v: only cohomology groups of definite parity are non-trivial. Furthermore,
we show that the cohomology groups are independent of the ultraviolet cutoff M.
We believe that similar results hold for the space of harmonic forms of ~v, and
present partial arguments to support this hypothesis.

I.D.

The paper is organized as follows. In Sect. 1I we define the smooth cohomology complex which corresponds to the Landau-Ginzburg model and state our
main results. These results are proved in Sects. II1 and IV. In Sect. V we define
the square integrable cohomology corresponding to the Landau-Ginzburg model,
formulate a technical conjecture, and study its consequences.

II. The Landau-Ginzburg Complex
II. A. In this section we define the equivariant cohomology of a perturbed ~ operator
on the space Ea~ = ~n x ~2nM, where n > 1 and M >= 0 are integers. We will
regard EM as a vector bundle over ~n with fiber C 2nat. We represent a point z E EM
as z = (z-at ..... z-l,zo,zl ..... zM), where zp E C ". In the language of quantum field
theory, z0 represents the zero modes while the Zp'S with 1 < IPl < M represent
the excited modes. The integer M is the ultraviolet cutoff.
The relevant complex is defined as follows. We let AP'q(EM) denote the
space of smooth (p,q)-forms on E~ and let ~:AP'q(EM)--+ AP'q+I(EM) and
~" AP'q(Ear ~ AP+I'q(EM) denote the usual Dolbeault coboundary operators.
Let S 1 be the circle of circumference 1. There is a natural Sl-action on EM,

Zp ~ e-2rcipazp,

Cr E S 1, Ipl < M ,

(II.1)

which is generated by the following holomorphic vector field:

K(z) =-2rci ~ pZp~p,
IPI<=M

(II.2)

where Vp = O/OZp. K acts on forms by interior multiplication; we denote the corresponding operator mapping A P'q(EM ) i n t o A P-I'q(EM ) by i(K). Clearly, i(K) 2 = 0
and -~i(K) + i(K)~ =- O. As a consequence, the operator

~o = 0 + i(K)

(II.3)

-=--2

satisfies •0 = 0. It is an S 1-equivariant version of the Dolbeault operator.

ll.B.

We will be concemed with the cohomology of a perturbation of ~0 by a
holomorphic 1-form. Let A(EM) = (~p, qAP'q(EM) be the Grassmann algebra over
E~t. We define the usual 2g2-grading on A(EM),
A(EM) = A ( E ~ ) ~ | A(EM) 1 ,

(II.4)
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where

A(EM)~

@ AP'q(EM),

A(EM)~=

p--q even

@ AP'q(EM).

p+q odd

(11.5)

For a E S 1 we define the following field operators on A(EM):
b* (a) =

~

e2~ziPad-zpA,

Ipl<-_M
b*(a) = ~ e2niPadzpA,
Ipl<M

b(a) = ~ e-2~iPai(Vp),
Ipl<m
b(a) = ~ e-2ziPai(~p),
IPI<M
r

=

E

e--2rcipazP,

Ipl<-_M
-~(r = ~ e27ripa~p,
IpI<M
K(a) = -2~i ~ pe-2~ipC~zp= O,r(9(cr),
IpI<M
K ( a ) = 27zi ~

pe2~ipcr-~p = Oa~(cr),

Ipl < m

N(a) = - - i

~ e-2=ip~r~p,
IPI<=M

re(or) = - i

~ e2~Zipa~p
Ipl=<M

(11.6)

(these are actually vectors of operators; we will put the indices whenever necessary).
In terms of these operators,

~o = i f-b* (a)~(a)da + f b(a)C~d?(a) &r.
s1

(11.7)

s1

Let now V: Cn--~ 9 be a holomorphic polynomial (the superpotential). We
consider the following function of EM:

h(z) = f V(~(a))da = f V ( ~
S1

S1

e-27zipazp~ da.
/

(II.8)

\lpl<=M

Clearly, h is holomorphic on EM. Its differential dh is a holomorphic 1-form on
EM and acts on A(EM) by exterior multiplication. We denote the corresponding
operator mapping A p' q(EM) into A p+a' q (E M ) by 6 v. In terms of the field operators
(II.6),
6v = f b*(a)VV((4a)) da.
(II.9)
S1

Smooth Cohomology of N=2 SupersymmetricLandau-Ginzburg Field Theories

647

Clearly, 62 = 0, and ~6v + 6v~ = 0. Furthermore,

i(K)6v + 6vi(K) = f v v ( r 1 6 2

d a = f d V(r

da = O.

s 1t4 0

s1

As a consequence, the operator

Fv = ~ + i(K) + c~v = Fo + c~v

(II.10)

I2

satisfies ~v = 0. Note also that gv is odd with respect to the ;g2-grading defined in
(II.4). We thus have a complex

... ~,~ A(Eu)O Fv A(EM)I ?v A(Eu)O J r . . .

(II.11)

Let H-~v(EM) denote the cohomology of this complex. For future reference, we observe that H~v(EM ) arises as the total cohomology of the following double complex:

... ---~Av A2k+I(EM)0

~V

A2k+I(EM)I

AV> ...
(II.12)

Av
... -___+
A2k(EM)0

Av ,

A2k(EM) 1

Av > ...

where

Aq(EM) ~ = (~ AP'q(EM),

Aq(EM) I = (~ AP'q(EM),

p even

(II.13)

p odd

and where

Av = i(K) + 6v .

(II.14)

Finally, let Ok(C n) denote the space of holomorphic k-forms on ~
be the cohomology of the following Koszul complex:
...

I/. C.

dV

~

~?k(~,,)

dV f2~+l(~;n) dV

~ ...

and let K~(IIY)

(1L15)

Oar first main result is contained in the following theorem.

Theorem ILl.

We have the following isomorphisms:
H~

(~K2J(IlY),
J
~t.,Kv
J

We prove this theorem in Sect9 Ili.

~,~ ).

(11.16)
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The complex (II.11) is precisely the complex which was studied in [CGP] and
[KL1] in connection with N = 2 supersymmetric quantum mechanics (which corresponds to M = 0 in our notation). The above theorem asserts that the topological
content of the regularized N = 2 supersymmetric Landau-Ginzburg theory is identical to that of the zero mode limit of the theory. Furthermore, it is well known
(see e.g. [GH]) that if the critical set of V, cr(V), is finite, then
0,

K~(ll;n) ~-- (2n(ll2n)/dVA (2n-1(C"),

if k < n ;
if k = n.

(II.17)

if n is even ;
i f n is odd;

(ii.18)

if n is even ;
if n is odd.

(II.19)

We thus obtain the following corollary.
Corollary II.2. Let cr(V) be finite. Then

H-~v(EM) ~-- { O,(2n(r

A (2n-l(Cn),

and

O~

m~v(EM) ~ { Q"(Cn)/dV A ~n--l(r

The space f2n(IEn)/dV A (2n-1(C ~) has dimension equal to #cr(V), the number
of critical points of V. We thus obtain the following result.

Corollary II.3. Let cr(V) be finite. Then

dim H-~v( E M ) + dimH~v (E M ) = #cr( V ) ,
dim H~v (EM) -- dim Hov (EM) = ( - 1)"#cr(V).

(II.20)

ILD.
Our second main result concerns the compactly supported cohomology of
~v. We let 14-*
(EM) denote the compactly supported cohomology of ~v. In
V, comp

other words, H-*

(EM) arises as the cohomology of the complex (II.11) with

V, comp

AP'q(EM) replaced by the corresponding space Acomp(EM)
P'q
of smooth forms with
compact supports.
Theorem II.4. Let cr(V) be finite. Then there is an isomorphism

i" H40V,
~ comp (EM) ~ H o v ( E M ) .

(II.21)

We prove this theorem in Sect. IV.

IIL The Smooth Cohomology

III. A. Our proof of Theorem II. 1 is based on two lemmas which we first formulate
and prove. Let f2k(EM) denote the space of holomorphic k-fomls on EM and let
f2(EM)~

(~ f2k(EM),
k even

(2(EM)I = (~ (2k(EM).
k odd

(III.1)
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Consider the following complex:

...

AV> (2(EM) 0 ~

Q(EM)I Av Q(EM)O A ~

'",

(1II.2)

and let H~v(EM ) denote its cohomology groups.
Lemma III.1. The complex

(II.11) is quasi-isomorphic to the complex (III.2).

Proof We use the technique of spectral sequences (see e.g. [McC]). We observe that
the first filtration associated with the double complex (II. 12) is bounded. Therefore,
E~ converges. By Dolbeault's lemma,
0,

'EP'q~
and the claim follows.

Y2(EM) ~
K2(EM)I,

ifq > 0;
if q = 0 , p even;
if q = 0 ,

(Ill.3)

podd;

[]

We let s 9 II;n ---+EM denote the natural holomorphic embedding,

C" ~ zo

>S(Zo) = (0 ..... 0,z0,0 .... ,0) E Em,

(III.4)

and consider the spaces

Qk(EM) = {fOE Qk(EM) " S~CO---- 0 } ,

(Ill.5)

and the corresponding spaces ~2(EM)* defined in analogy with (III. 1 ). In the above
expression, s~co denotes the pullback of co under s. We note that if s~r = 0, then
also s~Avco = 0, and so the following complex is defined:

...

AV) ~2(EM) 0 ~

~(EM)I

AV ff2(EM) 0 A~ ...

(III.6)

We let H~v(EM)
-*
denote its cohomology groups.
Lemma III.2.

The complex (111.6) has a trivial cohomology.

Proof We observe that fI~v(EM ) arises as the total cohomology of the following
double complex:

6V> ~ k - l ( E i )

~

...

~k(Ei)

(II1.7)
6V>

ff2k(EM)

~

T~(x)

ff2k+l(EM)

...

T~(K)

We claim that IYI~v(Ei ) ~-- O. To prove this, consider a column in (I11.7):

0

>ff2(2M+I)n(EM) i(K) ...

i(K) ~21(EM) ~

(2O(EM)

, o.

(Ill.8)
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We will construct a homotopy operator for (III.8). We write Zp = (Zpl ..... Zp~),

Zp= E ~;, IPl < M, and represent a form 0 E ~)k(EM) as
O(z) -~- ~
m

~

cocq...am(z)d20al

A.-./~

(1II.9)

dzo~,~ ,

~z1 ,...,C~m

where the forms co~v..~(z) do not involve factors of dzo~, 1 < ~ <- n. Let now
co(z) = f(z)dzp~pl A . . . A dzpk~pk, lplt > 1.... , [pkt >= 1, be a homogeneous component in CO~...~m(Z). We set

(Jco)(z)= ~

~> pro
Ipt=l,~

f(zo, tz')dtdzp~Adzp,~p, A...Adzpk~pk, (III.lO)

tk

where z' = (Z-M . . . . ,Z-1,Z1 . . . . . ZM ) E C 2nM. This defines an operator J " ~)k(EM)
~)k+I(EM). An elementary (if slightly tedious) computation shows that
ld

(III. 11)

(i(K)J + J i(K))o)(z) = fo ~ ( t k f(z~ tz')) dt dZplc~pl A " " " A dZpkO~Pk .

We claim that f2 -~(tkf(zo, tz'))dt = f ( z ) . Indeed, this is clear if k > 0. If k = 0,
then co(z)= f ( z ) , and f ( z 0 , 0 ) = s~,co(z)= 0 which implies our claim. Consequently, (III. 11 ) equals e)(z), which means that i(K)J + J i(K) = Id. We have thus
shown that J is a homotopy operator for the complex (III.8).
It is now easy to show that the total cohomology of (III.7) is zero. Indeed, the
first filtration associated with (III.7) is bounded, and thus 'E2'* converges. Since,
by the above argument, the rows of (1II.7) have zero cohomologies, it follows that
'El'* --- 0, and the lemma is proven. []

IILB.

We are now ready to prove Theorem II.1.

Proof of Theorem 11.1. Observe that
O(EM)*/b(EM)*

(III.12)

O(r

which yields the following short exact sequence of complexes:

0~

(2(EM)*

~ Y2(EM)*

~ Y2(IIY)* ~

0.

(III.13)

From the associated long sequence of cohomology groups
......

,

,

GK

J(r

J
......

,

9J (e )

,

l(eM)

,

")

)

9 ..

J

(~ K2J+*'II2
and Lemma III.2 it follows that H~v(EM ) ~--,,,j
v ( n ). But by Lemma III.1
H~v(Ea~ ) ~ H-~v(EM ) and the theorem is proven. []

IV. The Compactly Supported Cohomology
1V.A.

The proof of Theorem II.4 is based on the following lemma.
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L e m m a IV.I. Let U C EAr be an open set such that U As(cr(V)) = 0 (cr(V) is

not assumed to be finite). Then the cohomology of ~v restricted to U is trivial.
Proof Consider the double complex (II.12) with EM replaced by U. The second
filtration associated with (II.12) is bounded, and thus " E r*,* converges. We claim
that E 1 _~ 0. Indeed, let L be the following operator:
L = W(z) -I f(b*(a)O~(o(~r)+b(a)VV(4~(a)))d~,

(IV.I)

s1

where

rV(z) = f 10~r

dG+

S1

f

VV(4)(~))~M(~ -- ~)VW(r

(IV.Z)

S 1 xS I

where the regularized delta function 6M is given by (I.1). Since W(z)#O, for
z ~ s(cr(V)), L is well defined. It is easy to see that LAy + AvL = Id, i.e. L is a
homotopy operator for A v. This proves that "El'* ~_ 0.
[]

IV.B.

We can now prove Theorem 11.4.

Proof of Theorem IL4. Since the coboundary operator Fv is local, the complex
of compactly supported smooth forms is a subcomplex of the complex of smooth
forms. Let i denote the natural injection. We claim i induces an isomorphism of
cohomologies. Indeed:
(i) i is a monomorphism. To prove this, we consider a compactly supported
form co such that co = ~vt I, q C A(EM). Let D1 and D2 be open balls such that
suppcoUs(cr(V)) C D1 C D1 C D2, and let U be the complement of Dr. Then
~ v t / = 0 on U. As a consequence of Lemma W . I , there is a smooth form ff on U
such that q = ~v~ on U. We choose a smooth function Z on EM such that

Z=

0,

on D~ ;

1,

on D~,

(IV.3)

and set rf = t / - F v ( Z ~ ) . Then rf is compactly supported, cohomologous to /7, and
co = c?vrf on EM. This shows that co is trivial in compactly supported cohomology.
(ii) i induces an epimorphism. Let co be smooth and let 0vco = 0. Let Di and
D2 be two open balls in EM such that s(cr(V)) C D1 C D1 C D2, and let U be the
complement of D1. As a consequence of Lemma IV. 1, there is a smooth form ~ on
U such that co = ~ v ~ on U. We choose Z as in (IV.3) and set co' = co - ~v(Z~').
The co' is compactly supported, closed, and cohomologous to co. As a consequence,
the cohomology class of co contains a compactly supported representative.
[]

V. The L2-Cohomology
V.A. We now turn to the analytic part of this study, namely the square integrable
cohomology of the operator ~v and its relation to the previously studied smooth
cohomologies. The content of this section has a largely conjectural character, as the
proofs of some crucial technical results are still missing.
Let -i- : AP'q(EM) - - + A(2M+I)n-q'(2M+I)n-P(EM) be the Hodge star operator, and
P'q E
let (co, q ) = fEM'I'co /~ t1 be the usual inner product defined on Acomp(M).
We let
A ; ' q ( E M ) d e n o t e the completion of /\compt,
^P'q rEM)~ in the norm induced by this inner
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product. By A2(EM) we denote the direct sum of the above Hilbert spaces, and
by Aa(EM)O and A2(EM)I we denote its even and odd subspaces, respectively.
The operators (II.6) act on A2(EM). Note that the fermionic operators are bounded
while the bosonic operators are unbounded operators, defined on the dense invariant
domain ~0 = Ar
(say). Note also that b (a),b (r
and ~(a)
are the respective adjoints of-6(a),b(a),ch(o"),K(a), and re(a). We will use the
following notation:

b; = d5pA,

bp = i(~p),

bp = dzpA,

bp = i(Vp).

(V.1)

V.B. Consider now the Dirac type operator
Qv = ~v + ~ v ,

(V.2)

m

defined on @0. Clearly, Qv is symmetric and odd with respect to the 7Z2-grading
--2

on A2(E~). Its square, Qv = Qv > O, is given by
= f

+

S1

+ f

S1

-

-~- f ( b * ( o ' ) V 2 V(~(O"))b(o-) ~- b*(o-)V 2 U(~b(o-))b(o-)) do"
s1

+

f
S 1•

V V ( O ( a ) ) f M ( a - z)VV(O(r))do"dr,

(V.3)

1

where c5a4 is given by (I.1). The Friedrichs extension of ~v defines a positive
self-adjoint operator which we denote by the same symbol. The above Laplace
operator is precisely the Hamiltonian of the regularized N = 2 supersymmetric
Landau-Ginzburg quantum field theory. We define X to be the generator of the
circle action (ILl) on Az(EM). Explicitly,
X = f (c3a~(o")~07) - 7z(o")OG~(~r))dcr § f (b*(cr)ia~b(o") - iaGb(o")b*(a)) do",
$1

$1

(v.4)
or, in terms of the Fourier modes

IPI<=M

]pI<M

In the physics language, X is the momentum operator.
To make contact with the usual field theoretical expressions for the Hamiltonian
(V.3) and the momentum operator (V.4), we introduce the Dirac field operators,
m
~91(o") = ~ 2 (b(~)
- ib(o")* ),

~2(a) = ~2(b(a) + ib(a)*).

(V.6)
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Then Dv is given by (I.5), and
x = f

+f

-

S1

(V.7)

S1

V.C. Below we formulate a conjecture concerning the analytic properties of Qv
which will be relevant for our purposes. The particular properties whose validity we
conjecture to hold are motivated by the results obtained in [KL1, AO, and BI] for the
case of supersymmetric quantum mechanics, M = 0. To formulate the conjecture,
we need to introduce a technical assumption on the superpotential V. We say that
V is elliptic if, for each multiindex ,, there exist positive constants ~= and Ca such
that for all z,
I~V(z)l _-> e~lz[ ~-I~l - Ca,
(V.8)
where d denotes the algebraic degree of V. In other words, we exclude superpotentials V which have flat directions.
Conjecture V.1. Let V be an elliptic superpotential. Then:
(i) for all t > O,
Tr(exp{-t~v}) < cx~.

(V.9)

(ii) Every eigenvector co of Dv is smooth. Furthermore, there exist constants
a > 0 and C such that
[ o(z)l < C e x p { - a l z l }

.

(v.10)

KD. We now consider the square integrable cohomology H~v,z(EM), defined as
the cohomology of the complex (II.11) with AP'q(EM) replaced by the corresponding space / ~ ' q (EM) of square integrable forms, and with the operator
~v defined as the closure of the corresponding operator with domain ~0. Let
Harmv(EM) = {co C A2(EM): QvO~ = 0} denote the space of harmonic forms of
~v, and let Harmv(EM)* denote the corresponding even and odd subspaces. The
following corollary to Conjecture V.1 is a version of Hodge's theorem.
Corollary V.2. Let V be elliptic and assume that Conjecture V.1 is true. Then:
(i) dimHarmv(EM) < oc;
(ii) we have the decomposition

A2 (EM )* = Harmv(EM )* 9 ~v(-~*yGv A2 (EM )*) | ~*v(~vGv A2 (EM )* ) , (V.l])
where Gv is a self-adjoint compact operator;
(iii) there is a canonical isomorphism
H~*v,2(EM) ~-- Uarmv(EM)*.

(V.12)

Proof The proof follows the standard arguments (see e.g. [GH]). Part (i) follows
immediately from part (i) of Conjecture V.1. To prove part (ii), we set
Gv :

0,
on Harmv(EM)*;
---1
~v , on the orthogonal complement of Harmv(EM)*.

Part (iii) is a consequence of part (ii).

[]
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B

V.E. The next corollary to Conjecture V.1 is a vanishing theorem for Qv (a special case of the vanishing theorem was first conjectured in [JL]). It states that the
kernel of Qv consists of forms which are either purely bosonic or purely fermionic,
depending on the superpotential.
Corollary V.3. Assume that Conjecture V. 1 is true. Then there is an isomorphism,

Harmv(EM )* ~- H-~v(EM ) .

(V.13)

In particular, the kernel of Qv consists of elements of definite parity.
Proof Since Dv is elliptic, the harmonic forms of Dv are smooth, and so we have
a homomorphism i : Harmv(EM)* -+ H-~v(EM). We assert that i is an isomorphism.
(i) i is a monomorphism. Let co be harmonic, and let [co] be its image in
H~v(EM ). Assume that [co] = 0, i.e. co = ~v~/. We claim that this implies co = 0.
For the proof, we need the following result [H].
Lemma V.4. There exists an operator J : A p'q (C D) ~ A p'q-1 (cD), q > 1, such

that J maps potynomially bounded forms into polynomially bounded forms, and
Jc3 § 0J = I .

(V. 14)

We verify easily the identity ( ~ + Av)(I + A v J ) = ([ + AvJ)~, which implies
that

~(I + AvJ) -1 = (I 4- AvJ)-I(-~ 4- Av),

(V.15)

where the inverse is defined by a formal power series (note that this formal power
series terminates, so no convergence questions arise). This, in turn, implies that

~v = ~vJ(I § A v J ) - I ~ v .

(V.16)

Applying this identity to t/ yields

co = ~vJ(I + AvJ)-lco,
and so co = C3vr/t, with I/t= J(I + Avj)-lco. Since co is bounded, and J maps
polynomially bounded forms into polynomially bounded forms, this implies that ~t
is polynomially bounded, and our claim follows.
(ii) i is an epimorphism. By Theorem II.4, every smooth cohomology class [co]
has a compactly supported representative coo. In particular, coo is square integrable,
and so by Corollary V.2 it is cohomologous to a harmonic form. []
The above corollary can be also rephrased as the following index theorem.
Corollary V.5. Assume that Conjecture V.1 is true. Then the index of the Dirac

operator Qv is given by
Ind (Qv ) = ( - 1)"#cr( V) .

(V. 17)

V.F. We end this section by describing the N = 2 supersymmetry structure of the
Landau-Ginzburg theory and the underlying K~ihler geometry. We define a second
coboundary operator,

Ov = i f b*(a)n(a)da- f-b(a)Oo~(a)da + f b* (a)VV(O(a))da
S1

SI

S1

(V.18)
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and the corresponding Dirac type operator,

Qv = Ov + 0~ .

(V.19)

We verify that the square o f Qv is equal to the square o f Qv, and that Q v and
Qv anticommute. Let us record these facts in the form of the following algebra. As
operators on ~0,

{Qv, Qv} = 2 ~ v ,

{Qv, Qv} = 2 ~ v ,

{Qv,-Ov} = 0 ,

(v.20)

where { 9 , 9 } denotes the anticommutator. In fact, (V.20) is a consequence of an
algebra satisfied by the coboundary operators and their adjoints:

{~v,e~} = o,

{?~,~} = -ix,

{ ~ , ~ } =o,

{o~,o?} = D r ,

{Or, Or} = iX,

{Or, Or} = 0 .

{~v,o~} = Dv,
{ ~ , ? ; } =o,

{~,e?} = o,
{~?,o?} = o ,
(V.21)

These relations are reminiscent o f the algebraic relations arising in ordinary
K/ihler geometry. We also note that the Hilbert space A2 (EM) carries a representation o f s/(2). Namely, we define the operators

h = f (3(,~)3"(o) - b*(o)b(G)) a~ = i f ( ~ ( , r ) 0 2 ( a ) - O~(G)~,2(,r)) d,r,
s1

s1

/~ = f b*(,,)3(o)*do-= f ~,(~)01(o-)do-,
s1

sI
(V.22)

S1

S1

and verify that they satisfy the following set of relations:

[h,L] = -2L,

[h,A] -- 2A,

[A,L] = h .

(V.23)
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