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Abstract. We formulate the super-KMS condition suggested by Connes and Kastler, in the context of entire
cyclic cohomology of quantum algebras. We show that the Chern character of Jaffe, Lesniewski, and
Osterwalder — associated by Kastler to a super-KMS functional — satisfies the entire growth condition.
Hence, a super-KMS functional defines a cocycle for the entire cyclic cohomology of quantum algebras.
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1. Introduction

The purpose of this note is to clarify the relation between the super-KMS property and
entire cyclic cohomology of quantum algebras. Our interest in super-KMS functionals
was inspired by work of Kastler [4] and by private conversations with Alain Connes.
This generalization is the natural framework for entire cyclic cohomology in the case
that the Laplace operator has continuous spectrum. Such situations can arise if the
cohomology is based on a noncompact manifold. In intuitive terms, one would like to
formulate this in terms of a noncompact, ‘noncommutative manifold’.

Just as in statistical mechanics where a KMS state generalizes the notion of a Gibbs
state, a super-KMS functional generalizes the positive temperature supertrace
functional. This allows us to deal with situations which occur in examples, such as
supersymmetric field theory on a noncompact manifold: the Laplace-Beltrami
operator on loop space (the Hamiltonian of such a theory) is expected to have
continuum spectrum, so the heat kernel it generates will not be trace class.

This is characteristic of many examples. Besides, from a conceptual point of view, it is
irrelevant whether the heat kernel is trace class; this assumption can be replaced by the
super-KMS property. Such functionals are not necessarily positive and, hence, are not
states, but estimates can be proved by expressing w as a linear combination of states.

The usual KMS property relates the cyclicity of a state w to the analytic continuation
of a group «, of automorphisms. The super-KMS property also involves the super
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derivation d whose square generates the automorphism group «,. Translation
invariance of w is a consequence of the super-KMS property.

2. Quantum Algebras and Cyclic Cohomology

Our present definition of a quantum algebra is more general than in [3]. We define it as
a quadruple («, T, «,, d) with the following properties:

(i) Algebra. The algebra o = o , @ o/ _ is a Z,-graded, unital C*-algebra. Let
a = a, + a_ denote the decomposition of a € &7 into homogeneous components. The
grading induces an automorphism I" of ./, defined by

amd =a, —a_. (1)

(i) Group Action. The family t — «,, t € R, is a continuous, one-parameter group of
x-automorphisms of &7, even under the grading. Thus

o‘t(a)* = OCt(a*)’ 0(t(a)r = at(ar)' (2

By standard smoothing arguments, see Section 8.12 of [5], there exists a norm-dense
*-subalgebra &/, of &/ such that

t—>ola), aed, €)

extends to an entire, o<7-valued function, which we denote by a,(a).
(iii) Even Derivation. The infinitesimal generator of «,

. d
D= izl @

is an even derivation of & with domain including &/,. Since o, is a *-automorphism, it
follows that | e,(a) | = |la|. Hence o, is uniquely determined by the action of D on &,
where one can construct o, by a convergent power series. It is therefore no loss of
generality to assume that <7, is the domain of D.

The derivation D is even by virtue of (2).

(Da)f = Da',  D(ab) = (Da)b + aDb. (5a)
We define an adjoint derivation D* of an even derivation D by
D*a = —(Da*)*. (5b)

Since * and I' commute, the adjoint D* is also even. In our case, since o, is
a *-automorphism,

D* =D, (5¢)
or equivalently

(Day* = — Da*. (5d)



SUPER-KMS FUNCTIONALS 677

(iv) Super (0dd) Derivation. We assume that d is a super (odd) derivation of
o/ with a dense domain D(d). Assume that </ is a core for d and that d: &/, - .
A super-derivation satisfies

(da)t = —dd", d(ab) = (da)b + a" db. (6a)

The natural adjoint of a super-derivation d is the super-derivation d* defined by
d*a = (da*)*". (6b)
(v} Square Root Property. The square of any super derivation is an even derivation,
(@a)f = d*d", d*(ab) = (d*a)b + a(d*b). (7a)

The fundamental assumption which makes the present structure useful is that 4 is
a square root of D, namely

D =42 (b)

We call this the square root property of the quantum algebra: the generator of , has
a (super) square root.

REMARKS. 1. It can be checked from (7) that
o od = dog,. (8a)

This can be verified by power series expansion of o, in ¢ on the domain «/,, and
extension to the domain of the closure of d by continuity.

2. We claim that if d: &/, > o/, is a super-derivation, then

@dry = @)*. (9a)
In fact

(d*)a = (dd* a* ' = (d(da*)* )P = (d(da*))*" = —(da*)* = (d*)*a.
In particular, since d*> = D = D*, we have

d*Y¥=d*=D. (8b)
It follows as in Remark 1 that

aodt =d*ou,. (9b)

3. Asaconsequence of Remark 2, we see that: if («/, T, «,, d) is a quantum algebra, then
(7,1, a,,d") is also a quantum algebra.

4. Ingenerald™ # d, even though their squares are equal. In case the graded derivation
d is given by the graded commutator with an operator Q, then d* is given by the graded
commutator with Q*. Thus, the condition d* = d is equivalent to the hermiticity of Q.
In this case, d> = Ad(Q?) and (d*)?> = Ad(Q*?). Thus D* = D, which we assume,
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ensures that H = Q% is symmetric — while d* = d, which we do not assume, is
associated with a spectral condition (positivity of Q2).
In order to set up the analytic framework, we introduce the Sobolev norm

laly = lal + llda]. (10)

Let ¢"(/) denote the space of (n + 1)-linear functionals on ./ which are continuous
with respect to the norm || - ||, Let || f, |, denote the norm of f, € €"(¢) with respect to
the norm |f - || .. Define %(/) as the space of sequences f = (f,, f;, ... ), where f, € €"(/}
and which satisfy the entire analyticity condition [1],

V2| £, 14— 0. QY

The space of cochains 4(s#) can be decomposed into components which are even or
odd under the action of T,

UA) =G (L) D EC_(H). (12)

We use the standard coboundary operators b and B, defined separately on €, (<) and
on %_(s7), and which extend linearly to #(=#) [1]. These operators define the
creation-annihilation complex

b: 6"(4) - €" " (A), B: 6" Y (A) > €"(A) (13)
and satisfy

b* =0, B? =0, Bb + bB=0. (14)
The coboundary operator ¢ = b + B is used to define entire cyclic cohomology.

Explicitly

(Bfn)(aO"" n— 1)_ Z( 1)(n 1)](fn(l (l,, Joereo n 1,a0, 5an-j—1)+

(15)
( l)n lf(an —f- n 1,(10, -~>an—j—1a1))’
and
&) @gs -1 ay41) = Z (— 1 (@5, 854 15 -, Bpyy) +
= (16)
+ (= 1)"+1f(a,,+1a0,a1, o> ).
Here
_fa, if f,e€% (),
@’ = {a, it f.e%" (). @7

3. Super-KMS Functionals

We consider a continuous linear functional w on /. It is natural to restrict attention to
the subalgebra <7, on which d is defined and «, is entire.
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DEFINITION 3.1. A continuous linear functional @ on &/ has the sKMS property
with respect to the quantum algebra (o, I, a,, d), if for all @, be o/, and for all ze R,

ol (a)b) = o' a, . (a) (18)
and

wod =0, on D). (19)

REMARKS. 1. The assumption (18) extends to all complex zeC by analytic
continuation.

2. One could introduce a positive parameter 0 < § and define a f-sKMS property
P (o (@)b) = & (b" o, 4 15(a)).

Replacing a, by «,; reduces f-sKMS to sKMS.

3. We also use the notation, consistent with [3] defining
a(t) = a,(a), aed,. (20

4. Clearly, o' = o, namely o(a") = w(a), as a consequence of (18).

THEOREM 3.2. An sKMS functional on a quantum algebra (o4, T, «,,d) satisfies

wod, =won A, forteR, 21

woa,=won s, forzeC, (22)
and for a, be o ,zeC,

o(adb(z)) = w((db) a1 — 2)). (23)

Proof. Since d* = D is the generator of a,, convergent power series on o, show that
forze C,wea, = won thesubalgebra «,. This extends to </ by continuity forall z e R,
and hence (21)-(22) follow. Equation (23) is a straightforward consequence of
Definition 3.1 and (22). 1

Let us finish this section with an example which provides motivation for the
definition of sSKMS functionals. Assume that o/ is represented as an algebra of
operators on a Hilbert space s#. We assume that a, is spatial, so there exists
a self-adjoint operator H on 4 which generates «,,

o,(a) = explitH)a exp(—itH).

Thus D = Ad(H) is the generator of the automorphism. We also assume that there is
a self-adjoint operator Q which is a square root of H, H = Q2, and which is odd:
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QF =TQI = —Q. We can define da = (Qa, —a, Q) + (Qa_ + a_Q) as the graded
derivation. We also assume that exp(— H) is a trace class.

The super-trace functional provides an elementary example of an sSKMS functional.
Define

of*) = Str(-e™#) = Tr(l - e~ H). 27

It is easy to verify that (27) has the sSK MS property, and the graded derivation satisfies
d = d*,yielding 0 < H. This formula is very similar to the standard example of a KMS
state

o Tr(ce™™)
wgms(*) = W- (28)

(Note that (28) does not satisfy the sSKMS property.) In general, a KMS functional
cannot be expressed in the form (28), but often one obtains a KMS state as a limit of
states of the form (28). Likewise, an sK MS functional can often be obtained as a limit of
functionals of the form (27), though it may not have such a representation.
Furthermore, note that (27) is not normalized; in fact it may not be positive. For the
example (27), if we define @, =1 (1 — IQ(1 + T), then the index of Q, is given by

o(1) = Ind(Q,), (29)

which in different examples may be positive, negative or zero.

4. The Chern Character

Let w denote an sSKMS functional on a quantum algebra. For ag, .. ., a, € &/ ,, we define

T,(a0, 015, a,)

181

- ,f (o, (da)0,(da2 )0, (d5) ... (dai" s, ... ds,, G0

where ¢, = n mod 2. Here o, denotes the simplex
{seR":0<s; <5, < <5, <1} €2y
We claim that 7 is an entire cyclic cocycle:

THEOREM 4.1. The cochain © = (Tg,T(s-+-sTp---,) is an element of €() and
satisfies the cocycle condition

ot = 0. (32)

Moreover,

1 n
s -l < 2 T gyl 33
!



SUPER-KMS FUNCTIONALS 681

REMARK. AnsKMS functional is not necessarily positive. Hence for doing estimates
we have to replace @ by the positive functional |w|, which according to the general
theory, see e.g. [5], is defined as follows. For w there is a unique decomposition

w=(w,; —0;_)+iw,, —o,) (34)
with w,, > 0 and o, L w,_. Then

loj=w + o + 0, +w,_ (35)
is positive and satisfies

l(a)] < lo|(D)]all. (36)
Notice that in general w,, are not sKMS functionals.

Proof. The identity (32) can be established using the identities of Section 4 in
a fashion similar to the proof of Theorem V.4 of [3] or of [4]. We need only prove that
1 is entire and in fact satisfies (33).

We claim that

‘w(ao I ocnj(daj))

i=1

<lolMlaoll TT llda;ll, (37

from which we conclude that (33) holds. To prove (37), we use induction on n. We call
the inequality (37) (i,). Clearly (i) holds as

lexao)l < lol(M)lag .
To prove (i, ;) we use the Phragmén-Lindel6f theorem. The function

1(@) = wlagy,(day). .. o (da,)o(da, . ,)) (38)
is holomorphic for

zeQ, ={zeCit,<Imz< 1} (39)
and continuous and bounded for z € Q, . In fact using (i,),

s + it ) | = |o(agn,,(day) . .. o (da,ag, i, 1y (@0, 1)) |
< lof)laglildayll-.. [|dayd i, —)(@a,4 )]

< o] (1)< Il ao |l I__[ | da; ”) I it s —2(@0 4 1) Il

which is bounded, since 0 < 1,,,; — ¢, < 1. In particular,

n+1

fs+it)| <ol lagl I1 [ da;].
j=1
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Furthermore, using the sSKMS property (23) for z = 1, as well as (i),

fs+ 1| =] w(aoaitl(dal) e ait,.(dan)as+ 1da, 1))

= ’ w(“s(daL 1)a0%,,(day) ..., (da,)) |

<lo|@) | efdansag | T] Il da; ||

i=1
n+1

<lo|®lao| IT llda;.
j=1

Therefore, by the Phragmén-Lindelof theorem,

n+1

/@ <o) anll [T Il da; |
i=1

for ze Q, , and the proof of (i, ,) is complete.
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