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We study the quantization of two examples of classically chaotic dynamics, the Anosov
dynamics of “cat maps” on a two dimensional torus, and the dynamics of baker’s maps. Each
of these dynamics is implemented as a discrete group of automorphisms of a von Neumann
algebra of functions on a quantized torus. We compute the non-commutative generalization
of the Kolmogorov-Sinai entropy, namely the Connes-Stgrmer entropy, of the generator of
this group, and find that its value is equal to the classical value. This can be interpreted as
a sign of persistence of chaotic behavior in a dynamical system under quantization.  © 1996

Academic Press, Inc.

1. INTRODUCTION

LA. One of the characteristic features of chaos in classical dynamics is the
positivity of the Kolmogorov-Sinai (KS) entropy. The KS entropy is a natural
measure of mixing in phase space resulting from the time evolution of a dynamical
system. Indeed, one can adopt the positivity of the KS entropy as a convenient way
of defining chaos in a classical dynamical system. Through Pesin’s theorem, this is
related to another characteristic feature of chaotic evolution, namely the positivity
of Lyapunov exponents.

The focus of the emerging field of “quantum chaology” [B2], [HT], [N], [ V2],
is the study of quantum dynamics arising from quantization of classically chaotic
systems. Much emphasis has been put on understanding the semiclassical approxi-
mation to the actual quantum dynamics, and it is, in fact, a somewhat controversial
issue whether “quantum chaos” exists beyond this approximation.
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In this paper we propose that a natural quantity to exhibit quantum chaos in a
class of quantized dynamics is the positivity of the Connes—Stgrmer (CS) entropy.
The CS entropy is defined in the context of von Neumann algebras, and is a natural
extension of the KS entropy to the non-commutative context. We focus our atten-
tion on examples of quantized dynamics on a torus, namely the dynamics of quan-
tized cat maps and the dynamics of quantized baker’s maps, and show that in each
case the CS entropy is positive and, in fact, equal to the classical value.

LB. We begin by recalling the definition of the (classical) KS entropy. Let
M be the phase space on which a probability measure v and v-preserving
automorphism ¢: M — M are defined. The latter means that ¢ is a measurable
bijective function such that for all measurable sets O, v(¢(0)) =v(0). Let o7 = {4},
1 < j<n, be a finite partition of M into measurable and pairwise disjoint (up to
measure zero) subsets. The entropy of this partition is defined by

H(/) =) n(v(4))), (LT)

where the function # is given by
n(t)=—tlogt, 0<r<l. (L.2)

Clearly, H is invariant under ¢,
H(gp(</))=H(), (1.3)

where (/) ={p(A,), ... p(4,)}. Now, given two such partitions, ./ and %, we
form a finer partition .«/ v # by taking the intersections of the elements of .«/ with
the elements of #. The entropy is subadditive with respect to the operation v,

H(</ v B)<H(4)+ H(B). (14)

This and (1.3) imply that the limit

H(, ¢)= lim 1H(Jzi vold)v --- v " Y A)) (15)

n—oo N

exists. The KS entropy of ¢ is defined as the supremum of H(.«Z, ¢) over all
possible choices of the finite partition .o/,

hgs(@)=sup H(, ¢). (1.6)

=

This definition does not lend itself to explicit computations. However, the
fundamental theorem of Kolmogorov and Sinai [ CFS] states that, in fact, /(@)
can be computed from a single partition, provided that it is sufficiently generic.
More precisely, (@)= H(<Z, @), if o/ is a partition such that the sets (p"(Aj),
j=1, .., n, keZ, generate the g-algebra of measurable sets on M.
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We will explain in Section V how Connes and Stgrmer generalized the theory
outlined above to the non-commutative case.

I.C. For later convenience we now briefly review the definitions of the
classical cat map and baker’s map. For a more complete presentation and a variety
of results we refer the reader to [A], [AW], and [ CFS].

We consider an element ye SL(2, Z),

-+ ) )

with |tr(y)| > 2. Such a matrix has two eigenvalues u,, u,, with u, 1, =1. We label
them so that |u,|>1, and |u,| <1. The action of y on the plane R? is given as
usual by (xy, x,) = (yy, y>) with

yi=ax, +bx,, (1.8)
Vo =cX; +dx,.

For later reference, we rewrite (1.8) in terms of the complex variable z = (x, + ixz)/ﬁ
as z — w, with

w=az + fz, (L.9)
where the complex parameters « and S are given by

a=(a+d+i(b—rc))/2, (L.10)
pf=(a—d+ib+c))2,

and satisfy |«|>—|f|*>=1. The transformation (1.8) is area preserving. Since the
coefficients in (I.8) are integer, y also defines an area preserving automorphism of
the torus T?=R?/Z> which we will denote by the same symbol j. The group
{y"} ncz of automorphisms of T2 is called the cat dynamics (in fact, this is an
example of Anosov dynamics).

The definitions above are of course meaningful without assuming that |tr(y)| > 2.
The resulting dynamical systems are non-chaotic, and, as such, less relevant to the
subject of this paper.

It turns out that for the cat dynamics,

hs(y)=log |u,1, (L11)

where u, is the eigenvalue of y whose absolute value is larger than 1. A beautiful
proof of this result in the context of symbolic dynamics is presented in [AW]. If
[tr(p)| <2, then hgg(y) =0, showing that the corresponding dynamics is indeed
non-chaotic.
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The baker’s map B takes a point (x,, x,) of T?=R?/Z> to a point (x}, x,) of T2
given by

, 2x4, if 0<x,<1/2;
xh =

ok, -1, i 12<x, <1,

. [x2/2, if 0<x,<1/2;
LTV L2 i 12<x <1

(112)

The transformation B is measure preserving. In order to prepare ground for the
quantization of B, we first rewrite (I.12) in terms of generators of the algebra
L*(T?) of essentially bounded functions on T2 We set g(x,,x,)=e>™™,
h(x,, x,) = e*™2, Then the transformation (I1.12) of T ? is equivalent to the following
automorphism of the algebra L*(T ?) (which, for simplicity, is denoted by the same
symbol B):

B =g (L13)
B(h)= ﬁ (2){[0, 1/2)(X1) —1),

where the square root ﬂ is defined by ﬁ (x1, x,) =™, and where x5, is the
indicator function of the interval [0, 1/2).
For the baker’s map,

hys(B) =log 2. (1.14)

LD. One of the central concepts of this paper is that of quantization of a
dynamical system. Without getting involved with technicalities we would like to
emphasize several points which will explain the particular conceptual framework
which we chose to work with.

Quantization of a dynamical system has two components: kinematic and
dynamic. The kinematic component of quantization involves the construction of a
suitable quantized phase space of the system. This quantized phase space is given
in terms of a non-commutative algebra 2, of observables. In the language of non-
commutative geometry, 2, is an algebra of functions on the quantized phase space.
Very much like in the classical situation, where (depending on the problem) one
might be interested in the study of the algebra of continuous functions, smooth
functions, compactly supported smooth functions, measurable functions, etc.,
specific choices of the composition of 2, can be made. This may result in imposing
the structure of a C*-algebra, a von Neumann algebra or some suitably defined
locally convex algebra, on the algebra of observables.

The dynamic component of quantization consists in defining a time evolution on
the quantized phase space. A natural way of doing this is to find a suitable one
parameter group of automorphisms of ,, where the parameter (discrete or con-
tinuous) has the meaning of time. Recall that an automorphism of an algebra R is
a linear one-to-one map @ of R onto itself such that @(ab) = &(a) O(b), for all a,
beR. If N is an algebra with involution, it is also required that @(a*)= d(a)*.



QUANTIZED CHAOTIC DYNAMICS 177

The “suitability” of the choices made, namely that of the algebra 2, and of the
time evolution, is settled by the correspondence principle. This amounts to showing
that limits of the quantized objects, as 4 — 0, yield the corresponding classical
objects. Quantization is a highly non-unique procedure, and the correspondence
principle is the only physical principle allowing one to decide whether a particular
procedure is correct. To our taste, the most satisfying mathematical framework for
quantization is that of “strict deformation quantization” proposed in [R1].

LE. Quantization of the cat dynamics on the torus has been discussed
before by a number of authors. The original reference is [ HB ], where a scheme is
proposed using a group of unitary matrices on a finite dimensional Hilbert space.
The generator of this group was determined from (i) the observation that the
generating function of (1.8) is quadratic, and (ii) the assumption that, in the quad-
ratic case, the semiclassical expressions are exact. This quantized dynamics was
further studied in [K1,2], [MO], [DGI], [BD], and [ D], where a variety of
beautiful number theoretic results were derived.

A similar quantization scheme for baker’s dynamics was first proposed in [ BV],
and further refined and studied e.g. in [CTH], [SV], [S], and [ BDG]. These refe-
rences are concerned with questions of quantum chaology. The intrinsic simplicity
of the baker’s dynamics has been very useful in studying these questions.

Our approach is slightly different, even though equivalent in the sense specified
at the end of previous subsection. It is based on an infinite dimensional Hilbert
space. The infinite dimensionality of the Hilbert space is due to the occurrence of
@-vacua (to use the language of quantum gauge field theory), which in turn is a
consequence of the fact that the phase space of the system, namely the torus, is not
simply connected. We study a non-abelian algebra, known as the algebra of func-
tions on a quantized torus [ R2], and identify a suitable group of automorphisms
of this algebra as the quantized dynamics.

LF. The paper is organized as follows. In Section II, we define the quan-
tized linear dynamics on the plane. This will be the starting point for the construc-
tion of quantized cat dynamics. In Section III, we review the construction of the
quantized torus, and show that the cat dynamics on the torus defines a group of
automorphisms of the quantized torus. This group is the quantized cat dynamics on
the torus. A construction of quantized baker’s dynamics is described in Section IV.
Section V has largely a review character. We explain the properties and construc-
tion of the CS entropy, and establish a technical lemma. Using this lemma, we
compute, in Section VI, the CS entropy of the quantized dynamics on the torus.

II. QUANTIZED LINEAR DYNAMICS ON THE PLANE

ILA. Of the many representations of quantum mechanics we choose the
Bargmann representation (see e.g. [ F]), as in this representation wave functions are
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defined on the phase space of the system. It can also be generalized to phase spaces
other than flat spaces [ B1], which should be important for future extensions of the
results of this paper. In the Bargmann representation, the Hilbert space of states
AH*(C, du,) consists of entire functions on C which are square integrable with
respect to the probability measure du,(z) = (nh) " exp{ —|z|*/h} d’z. This Hilbert
space has two remarkable properties: (i) it has a reproducing kernel, namely the
function exp{wz/h} € #*(C, du,) satisfies the equation

f@ exp{wz/h} ¢(w) du,(w)=¢(z), (IL1)

for all ¢ € #*(C, du,), and (ii) it carries a unitary projective representation of the
group of translations of C given by

1 -
U(Q) ¢(z) = exp {h (G- |§|2/2>} Hz—0), CeC. (112)

For future reference, we note that
UQ) U(&) = ™ML +¢). (11.3)

The algebra of observables (or functions on the quantized plane) can be defined
as an algebra generated by Toeplitz operators. A Toeplitz operator 7T,(f) with
symbol f (where f'is a measurable function on C) is defined by

Ty $(2) = |_ e F00) $00) duyow). (11.4)

Various restrictions on the class of symbols f may be imposed, leading to various
algebras of operators on #*(C, du,,). Since the quantized plane is not the main
concern of this paper, we ignore this issue, and refer the interested reader to e.g.
[BC1, 2] for precise statements. See also [Z] for a related but more geometric
approach. For our needs, it is only important that all bounded continuous func-
tions are included in the class of symbols.

The Toeplitz operator with the symbol f(z)=z is denoted by A%, and the
Toeplitz operator with f(z) = Zis denoted by 4. These are the creation and annihilation
operators obeying the usual commutation relation

[4, AT]=h. (IL5)
In fact, the quantization map f — 7T,(f) can be regarded as the anti-Wick ordering

prescription, i.e., in the quantized expressions, all the annihilation operators are
placed to the left of the creation operators.
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ILB. To a y as defined in the Introduction we assign the following
Bogolubov transformation (A%, 4) — (BT, B),
Bt=aA" + pA,
_ (IL.6)
B=oAd+ pA".

We will now show that this transformation is unitarily implementable, ie. B =
FA'F~!, and determine such a unitary F explicitly.
First, we note that the ground state w,(z) for B satisfies the differential equation:

haw!(z) + fzew.(z) =0, (IL7)
and so
R-2
w,(z)= || " exp {—fhza} (IL8)

where the normalizing constant has been chosen so that [|w, || =1. We require that
F maps the function identically equal 1 (the ground state for 4) to w,. Then, using
the Hausdorff-Baker—Campbell formula (see e.g. [F]),

Fexp{wz/h} = Fexp{wA'/h} F'w,(z)
=exp{w(aAd" + pA)/h} w,(z)

d
= exp{ (wa z + apw?/2)/h} exp{m‘/[)’ dz} w,(2)
= exp{(wa z + apw?/2)/h} w.(z+Wp)
= |oo| "2 exp{ (Wz + pw?/2 — pz/2) /hac} .

Using the fact that exp{iwz/h} is the reproducing kernel for the measure du, we thus
find that the action of F on ¢ € #*(C, du,) is given by

) - —2
R =1ol Zexp |~ [ exp {52+ Dk )
=Tw,) S, -1 Ty(w,-1)* ¢(z), (IL.9)

where S, is defined by S,¢(z) = |«|"? ¢(z/a). It is straightforward to verify that the
inverse of F is given by

F'¢(z) =|a| " exp {fga} j@ exp {Zj—%} P(w) du,(w)
=Ty, 1) S, Ty(,)* ¢(2), (11.10)

and that F is unitary. Let us summarize the calculations above in the following
theorem.
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TueoreM 111, There exists a unique unitary operator F satisfying FATF ' = BY,
and F1 = w,. This operator and its inverse are given by equations (11.9) and (11.10).

The group {F"},., of unitary operators on #*(C, du,) is called the evolution
group for the linear dynamics on the plane. The corresponding group of automorphisms
of the algebra of observables is generated by a — FaF ~'.

IL.C. There is a simple relation between F and the unitary operators U({)
defined in (I1.2).

THEOREM 11.2.  The conjugation of U({) by F is equal to U(y~'(),
FU)F~'= Ul — pl). (IL11)

Proof. The proof is a straightforward computation. Using (11.9) and (I1.10) we
find that

1 _ _
FU) 020 = 1ol ~ exp { 7 (07+ fa— i)

1/pw? pw? 2w (& —pC+o)w o P>
Xfce"p{h<za+za+a+a+a+m>}

X P(v) duy (W) dpy(v).

Evaluating the w-integral and using |«|?— |f]|?=1 yields

FU(Q)F~'(z) = exp{ ((a — O) — |al — BCI2/2)/h}
x|_expl(z—ol+ B E/h} 9(0) duy(0).

which by means of (II.1) is equal to

exp {z(al — BO)/h — |ol — BLI*/2} d(z — (ol — BO) = Uy~ '0) §(2),

as claimed. ||

III. QuANTIZED CAT DYNAMICS ON THE TORUS

IIILA. Having defined the quantized linear dynamics on the plane we now
proceed to constructing the quantized cat dynamics on the torus. As explained e.g.
in [KL7], one can regard the quantized torus as a suitably defined quotient of the
quantized plane by the group Z2 Namely, we define the algebra of observables on
the quantized torus to be the algebra of all Toeplitz operators with continuous
Z*-invariant symbols. Such symbols can be written as Fourier series, and so the
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algebra of observables is generated by T7,(f,) and T,(f,), where f,(x,,x,)=
exp{2mix,}. However, writing ix, =i(z+2)/ﬁ, ix2=(z—2)/ﬁ, we verify easily
that

T(f)=e ""U(—inh/2),

i (ITL1)
T(fy) =e ™"U(nh /2).
It is thus natural to set
U= U(—ihn\/2),
(I11.2)
V=Uhn./2),

and regard the operators U and V as generators of the algebra of functions on the
quantized torus. Commutation relation (IL.3) implies that they obey the following
set of relations:

vu*=U*U=1,
VV*=V*V=I, (IIL3)
UV =e"VU,

where for convenience we set A =4n%h. The algebra generated by U and V with the
relations above has been studied extensively by both physicists and mathematicians,
and we refer the reader to [ R2] for an overview and extensive list of references. In
particular, it has been established that “smooth elements” in this algebra obey a
strong version of the correspondence principle [ R1].

IILLB. For our purposes, we consider the von Neumann algebra U,
generated by U and V. Recall [ D2] that an algebra of bounded operators R on a
Hilbert space # is called a von Neumann algebra, if (i) it is closed under taking
the hermitian conjugate, and (ii) it is equal to its bicommutant, ‘R =‘R”. Here
R"=(N')", where the commutant .’ of a set of operators & on # is defined as
the set of all bounded operators on # which commute with all the elements of <.
The von Neumann algebra generated by a set & is defined as the smallest von
Neumann algebra containing . If . is closed under taking the hermitian adjoint,
this turns out to be . In other words, A, ={U, U*, V, V*}". In fact, A, is
isomorphic to the universal enveloping von Neumann algebra generated by U and
V' which obey the relations (I11.3). This means, in particular, that (II1.3) are the
only relations between U and V. One can think of the elements of 2[, as bounded
(but not necessarily continuous) functions on the quantized torus.

The von Neumann algebra 2, is hyperfinite (i.e. it is a closure of an increasing
subsequence of finite dimensional subalgebras) and can be equipped with a finite
faithful trace. We will not reproduce here the precise definitions (see e.g. [ D2]).
One should just keep in mind a typical example, that of an algebra L*(M) of
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essentially bounded functions on a compact space M with a Borel probability
measure dv. Such a trace is then given by

©o(f)= fo dv. (111.4)

On the algebra 2, a faithful normal trace is determined by
r,,<z oy U"'V">=oc00. (IIL.5)
7 k

III.C. Let us now derive the transformation rules for U and V under
conjugation by the operator F. Using Theorem I1.2 and (I1.3) we obtain

FUF ' = U(—ihn /2(a + B))
= U(—ihn(a +ib) \/2)
_ Iy it /3 a) Ulhe /3 b)
=" PRy,
and likewise
FVF ' =e™d2ycy .
These expressions define an automorphism 77, of A,. We call the group {I'}}, .,

of automorphisms generated by I, the quantized cat dynamics on the torus.

TaeoreMm 1I1.1.  The transformation
F/l( U) — ei/lub/2 Ua Vb,
_ (IIL6)
Fh( V) — el}.(‘t{/2 U« Vd.

defines an automorphism of W,. The trace t, is invariant under I}, i.e. T,(I,(a))=
T,(a).

Proof. We need to show that I',(U) and I',(V) form a new set of generators.
Using (II1.3) we compute:

Fh( U)* — —ilab/2 Vbefa — (ei).ab/ZUa Vh) -1 _ rh( U) 71'
Likewise, I',(V)* =I,(V)~'. Furthermore,
F/g( U) F/,( V) — eil(ah +cd)/2 U Vb U« Vd

— eil(ab +cd)/2 — ilbc Uc Ua Vb Vd

— eil(uh +cd)/2 +iMad — bc) Uc VdUa Vb

=" T(V) T,(U).
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We also note that the inverse of I, is given by

1—'/— 1 ( U) —e i2bd/2 Uu’I/—/)5
’ ) (I11.7)
Fh— 1( V) —e —ilac/2 U-—<ve.
Finally, the I'),-invariance is an immediate consequence of (IIL1.5). ||

IILD. At this point it is not quite clear that I, is indeed a quantization of
the classical map v, i.e. that its classical limit # — 0 indeed yields y. The goal of this
subsection is to show that it is so. We let || - ||, denote the operator norm on the
Hilbert space #*(C, du,,).

TueoREM 1IL2. Let f be a continuous Z*-invariant function on C. Then:
VFT(f)F ' =T,(fp),—0, as h—0. (I111.8)

Proof. Let e>0. We are going to show that for all sufficiently small #,
IFTW(f)F ' =T)(fep)la<e. (I11.9)

We proceed in steps.

Step 1. By the Stone-Weierstral3 theorem, there is a trigonometric polynomial
P such that

If =Pl <e/3,

where || f|., =sup. |f(z)| is the usual sup-norm. Since the operator norm of a
Toeplitz operator does not exceed the sup-norm of its symbol (see e.g. [Bl]),
1T a<|fll., this yields the following inequality:

IT5(f) = Tu(P)] 5 <e/3. (IIL.10)

Step 2. A trigonometric polynomial P(z) is a linear combination of terms of
the form exp(wz — zw). In terms of the creation and annihilation operators, for the
corresponding Toeplitz operator we have:

Th(eu’fz — f»v’) —e 7wAeWAT.
Conjugating the above equation by F yields:
FTh(e»?z 7z’w) F~ 1 _ FefwAF — lFeWATF —1

= WA +/¥Ahem(ozAT +fA)

—e —h(afiw? + iﬂ\?z)/Ze —oche —/);w/ﬁe/}’WAeW At
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where we have used the Hausdorff-Baker—Campbell formula as in the derivation of
(IL.9). Commuting the third and the fourth terms gives further:
FTh(e\Ez 7fw) F- 1_ e —h(afpw? + api? 42 | B2 lez)/2e —woaAd + I«C'/iAeW At —wpat
—e~ 1’1(0(/);w2 + 02/3‘172 +2 |/)’|2 \1¢'\2)/2T; (@ —woZ + WZ +wax z — w/)jz)
1
=e —h(fx/;;wz + 9;/;‘,;,2 +2 \/)’\z |w|2)/2Th(eM7(oZz + f2) — w(oZ + /;z))

=e —h(afiw? + &t +2 | BI* |»1’|2)/2Th(ew«y(:) 7ﬁw).

We can thus make the following estimate:

HFTh(eﬂ’:fz’w)Ffl _ Th(eu’fy(z)fmw) Hh
< |efh(<x/§w2+ofﬁwz+2 1812 w22 _ 1 | T,(e‘v”(z)’ﬁ”’)H,
h d
< |€ —h(afpw? +apw? +2 | B2 [wl?)/2 _ 1 |

Clearly, the right hand side of the above inequality goes to zero, as 7 — 0. Since P
is a linear combination of finitely many terms of the above form, we can find ¢
(depending on P) such that for # <J we have:

IFT(P)F ' =T, (Poy)ll,<e/3. (HL11)
Step 3. We can now conclude the argument:

IFT,(f) F~" =T fen)l,
SIFT(f) F~' = FT,(P) F~ ', + |FT,(P) F~' = T,(P<y)ll,
T Tu(Poy) =Tu(fo)la
<ITUS) =TuP) s +e/3+Poy—foyls
S2If =Pl +e/3

<6’

where we have used (I11.10) and (IIL.11). |

IILE. So far the value of Planck’s constant has not been restricted in any
way other than it should be a positive number. In particular, the von Neumann
algebra U, is a well defined object for all such 4. On the other hand, its structure
depends crucially on whether 1/27 is a rational number or not. It is well known
that physics requires 1/27 to be rational. The standard informal argument, going
back to Planck, is that the volume of the phase space should be an integer multiple
of the elementary cell volume 2z/4. Hence

h=——, NeN, (11L.12)
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or

_2n

. III.1
=3 (IL13)

Incidentally, this is precisely the integrality condition of geometric quantization
which requires the symplectic form on the torus divided by 27/ to define a deRham
cohomology class with integer coefficients. Throughout the rest of this paper, we
will be assuming that the condition above is satisfied. Trivial changes in our
arguments show that the conclusions below hold for arbitrary positive rational
A2

IILF. The von Neumann algebra 2, has a simple structure which is
described in the theorem below. This theorem is well known, and the references to
the original literature can be found in [ R2]. Since the proof is not easy to extract
from the original references (and for the sake of completeness), we include an
elementary proof. We denote by .#, the (von Neumann) algebra of complex N x N
matrices, while by L*(T ?) we denote the space of all essentially bounded functions
on the torus regarded as a von Neumann algebra on the Hilbert space L*(T?).

THeEOREM 1I1.3.  We have the following isomorphism of von Neumann algebras
Ao LT My. (111.14)
Under this isomorphism, the trace t, factorizes into a tensor product of traces,
7,017 ' =1t® (1/N)tr, (I11.15)

where t is given by (111.4).

Proof. It is clear from the relations (II1.3) that U" and V" are in the center of
A,. Let us denote by 3 the von Neumann algebra generated by

X=U", and Y="r" (IIL.16)

Obviously, 3 is isomorphic with L*=(T ?), with the isomorphism given by X — ¢***!
and Y — e*™”. Consider now the following (discontinuous) functions in L“(T ?):
f1(0) = >N and f,(0) = e*™*/V, and let Z, and Z, be the corresponding elements
of 3. Then the two elements u =27, ~'U and v=Z, ~'V obey the following set of
relations:

uu* =u*u=1,
w*=v¥*v=1,
, (11L.17)
uv = e vu,

uN=0vN=1
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This algebra has the following realization. In the Hilbert space C, choose an
orthonormal basis e,, ..., e, and set ue;=e’V~ e, ve,=¢; |, where ey, , = e, (by
a slight abuse of notation, we denote the matrix representatives of # and v by the
same symbols). A short computation shows that the only matrices commuting with
u and v are scalar multiples of the identity, and thus the von Neumann algebra
generated by u and v can be identified with the full matrix algebra ., .

We have U=Z,u, V=2Z,v, and the required isomorphism is given by

() =f®u, 1(V)=f,Qu. (IT1.18)

To prove (IIL.15), we note that
1 1
(t® (1/N) tr)(f fX @ uiv®) = j j UM KON G0 0, (1/N) tr(wiv®).  (1IL19)
0 Y0

Using the explicit realization of the operators u and v we see that tr(u/v")=0,
unless k =pN, p e Z. However, |, e df, =0, for p #0, and so (II1.19) is zero for
k#0.Let k=0, and j=Np+¢q, 0<g<N—1.1f ¢>0, then tr(u/)=0. If ¢ =0, but
p #0, then [§e>” df, =0. Consequently,

(t® (I/N) tr)(f{ f5@u/v") = 0,000 =T,(U' V"), (II1.20)

and the claim follows. ||

Let us parenthetically remark that the corresponding result for the C*-algebra of
functions on a quantized torus involves a bundle of full matrix algebras over the
torus rather than a tensor product [ R2].

III.G. It is now easy to see that, under the isomorphism above, the
automorphism I, becomes a tensor product of automorphisms of the factors in
(ITL.18).

Lemma 1114, For fe L*(T?),
L (O QD) = f(70+4) 1, (I1L.21)
where
4,=(Nab/2, Ncd)2)

is a constant.

Proof. Expanding f in a Fourier series and using (I11.16), we can write

TN f®D= Y fu.X"Y' =Y £, UM

m,neZ m,nez
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and thus

F/,l — l(f® I (em'ah/NUa Vh)Nm (enicd/NUc Vd)Nn

m,n

~

Son @ NCUNAY ROy (@riNedy Nep Ny

)= X
m,nez

= 2
m,nez

= Z j\;”, n(em’NabXa Yb)m (em?chXc Yd)n’
,neZ

and the claim follows. ||

TaeoreM 1I1.5. We have
ZF/,I_I = Y’h®@h> (III.22)

where W, is an automorphism of L™(T ?) given by

T/’(EZm()]) — eZm(u()[ + b0y + Nah/2),

(I11.23)
q// (627:1'6}2) — eZm’((‘Hl +dbr + Ncd/2)
and where ®,, is an automorphism of M given by
¢h(u) — eil(N-f— l)ab/2uavb’
(I11.24)

dSh( U) — ei}V(N+ 1 )cd/2ucvd.

Notice that in the case when ab and cd are even (this case is referred to as “quan-
tizable” in [HB]) ¥, coincides with the classical map (I.8). It is thus natural to
regard ¥, as the classical component of the dynamics, and @,, its purely quantum
component.

Proof. The algebra L*(T?)® .#, is generated by elements of the form f®u
and f®uv. In view of Lemma IIL4, it is sufficient to compute 117, '(/®u) and
iI,1 7 (I®v). Using the notation introduced in the proof of Theorem II1.3, we have

L ' (I®u)=T(Z ") I,(U)
— eilab/Z + iANab/2 U« VbZ ;aZ{b
MN + 1)ab/2, ,a,.b

=’ uv?.

The calculation for /® v is analogous. |
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IV. QUANTIZED BAKER’S MAPS

IV.A. In this section we introduce a group of automorphisms of 2, which
we call the quantized baker’s dynamics. Our construction requires that N in (I11.13)
be an odd number, and we make this assumption throughout the section. This is
unlike the quantization procedure proposed in [BV], [CTH], [SV], [S], and
[ BDG], which requires N to be even. We do not know yet whether our quantiza-
tion is equivalent to it. Because of its discontinuous character, the quantized baker’s
dynamics can be defined in the framework of von Neumann algebras only. This
should be contrasted with the cat dynamics, where we chose to work with von
Neumann algebras rather than C *-algebras for the reason of convenience only.

First, we review some facts from operator calculus. If S is a unitary operator,
then by FEg(g) we will denote its spectral measure. In other words,
S={ye*™ dEg(c). For any real number a, we define S*= [, ¢**” dEg(0) (in par-
ticular, S'*= ;™ dE(c)). It follows by functional calculus that S* is unitary,
and so S”= [ e” dEg.(0). It is easy to express the spectral measure Eg. in terms
of Eg. In particular,

Eg(c)= Y ES<”:J>—E5<2> for neN, (IV.1)
o< j<n—1
Es(20), if 0<o<l1/2
Egi(o) = , V.2
512(0) {1, if 12<0<1, (1v.2)
and
Eg (o) =Eg(1—0). (IV.3)

Obviously, (S'?)?=S. However, (S%)"?#S. The latter fact will play a role in the
following, and we state it as a lemma.

LemMA IV.1. Let S be unitary. Then
(S22 =S(Q2E4(1/2)—1). (IV.4)

Proof. We use (IV.1) to compute:

1
(822 = e dE(o)

0

! inc o ! ino 0+1
[l ey (3)+ [ e ()

1/2 ) 1 .
= [T dEg0)~ | e dE(o)
0

1/2

=SEs(1/2) = S(I—Eg(1/2)). 1
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IV.B. We now come back to the algebra (IIL.3). For a unitary Se 2, we
define

\/3‘ (S 1/2 N+1)/2’

(IV.5)
P(S)=E¢~(1)2).
Clearly, \/§ is a particular square root of S,
(/S)?=Ss. (IV.6)
Furthermore,
(/S)V=(SV)'~, (IV.7)

Note also that since N is odd and V' is central, the following commutation relation
between U and \/17 holds:

U V=—e"JVU. (IV.8)
Consider now the following transformation on the generators of 21,:
B,(U)=U 2,
=/ V2P(U) -

We extend B, to 2, by requiring that B,(ab)= B,(a) B,(b) and B,(a*)= B,(a)*.

(IV.9)

THEOREM 1V.2. The transformation B, defines a t,-preserving *-automorphism of
the von Neumann algebra ,,.

Proof.  We need to verify that B,(U) and B,(V) obey the same relations as U
and V, and that B, has an inverse. The former property is an immediate conse-
quence of (IV.8), while the latter one can be established as follows. Let T be a
*-antiautomorphism of A, defined by T(U) =V and T(V)= U (clearly, T preserves
(IT1.3), as T(UV)=T(V) T(U)). Consider now the *-automorphism 7B, 7. Using
the fact that

By(V)*=(/V2P(U) =1y =V, (IV.10)
we immediately find that

(TB,T) B,(U)=TB,T(U*)=TB,(V*)=TB,(V)’=T(V)=U,
Bh(TBhT)(V):BhTBh(U):BhT( Uz) :Bh( Vz): V.
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It is slightly more difficult to verify the remaining two relations. We have:
(TB,T) B,(V)=TB,T(\/V(2P(U) —I))) = TB,(,/U2P(V) —
= T((/U 2P(B(V)) —1))).
Now, according to Lemma IV.1 and (IV.3),
J P =(U) 2 UN = UQ2E, ~(1)2) —
=UQRE~1/2)—1)=UQ2P(U)—1). (IV.11)
Furthermore, using (IV.2) and (IV.7),
P(B(V)) = E gy (1/2)= Ejymz ey 1(1/2)
= Emn(1/2) P(U) + (I = Epnya(1/2)) = P(U))
=P(U),
and so
(TB,T) B,(V)=T(U2P(U)—1)*)=T(U)=V.
In the same fashion we verify the last relation:
B,(TB,T)(U)=B,TB,(V)=B,T (\/V(2P(U)—1))) = B, (,/UQ2P(V) —
=/ UP2P(B,(V))—1)=U.
and so TB,T=B, .

The 7,-invariance of B, can be easily verified by means of (III.15) and the next
theorem. ||

The automorphism B, of U, is called the quantized baker’s map.

IV.C. The fundamental property of B, is that it factorizes under the
isomorphism (I11.14).

THEOREM 1V.3.  We have
L '=YRa,, (IV.12)
where W is an automorphism of L*(T?) given by
(™) = il

o , (IV.13)
P(e™) =e™ 2(27[0 1/2)(9 )—1),
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and where @, is an automorphism of M given by

@h(u):uz’
Iv.14
¢/,(U)=v(N+l)/2. (V )

Observe that ¥ coincides with (I.13). As in the case of the cat dynamics, one can
think about ¥ as the purely classical component of the dynamics, and about @,, as
its purely quantum component.

Proof. Proceeding as in the proof of Lemma I11.4, we readily find that
1B, ' (f®I)=Bf®L (IV.15)
Furthermore,
1B, 17 ("N @u)=1B,(U) =1 U*) =N @u’.
Similarly,

1By~ (XN @ v) = 1B,(V) =1((V )2 VN D2(2P(U) — 1))

= einozm[zﬁf[o, 1/2)(01) -H® p VDR

and the proof is complete. |

V. CONNES-ST@RMER ENTROPY

V.A. To motivate the construction of the CS entropy we first reformulate
the definition of the classical KS entropy in purely algebraic (rather than measure
theoretic) terms (see also [ B3]). We assume that M is a compact phase space with
a Borel probability measure dv defined on it, and 7 define the faithful normal trace
on L*(M) given by (IIL.4). Given a partition ./ of M (defined as in the Introduc-
tion), we consider the finite dimensional subalgebra 9t « L= (M) which is generated
by the characteristic functions y ,,. The operator of multiplication by y 4 is a projec-
tion operator and we denote it by p;. Note that each projection p; is minimal (i.e.
is not a sum of two non-trivial projections in M), and Y, p;=1. We define the
entropy of the subalgebra 9t to be

HW) =) 2(n(p;) = H(A). (V.1)

For two such subalgebras, 9, and 9,, we let 9t;, v N, denote the (finite dimen-
sional) subalgebra generated by 9t; and 9t,.
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Now, a measure preserving automorphism ¢ of M defines a t-preserving
automorphism @ of R,

Df(x) = fo(x). (V.2)

We set

HN, @) = lim %H(‘Jt VNV - v DEYR)) = H(A, @),

k — oo

and define the entropy of the automorphism @ as the supremum of this quantity
over all possible choices of 9t (this is, of course, equal to hgg(@)).

V.B. The construction above of the entropy of a measure preserving auto-
morphism was generalized to the non-commutative case by Connes and Stgrmer
[CS] (in the von Neumann algebraic setup), and later by Connes, Narnhofer and
Thirring [CNT] (in the C*-algebraic setup). We choose the original Connes—
Stermer construction as it suits our needs best.

Let R be a von Neumann algebra, and let t be a finite faithful normal trace on
R. Consider a collection i, ..., 0, of finite dimensional von Neumann subalgebras
of R. The key difficulty to overcome here is the fact that 9t v § may not be finite
dimensional, even though 9t and ¥ are. Connes and Stgrmer defined a function
H(MN,, ..., 9N,) which replaces H(9, v --- v 9%,) but reduces to it in the com-
mutative case. Specifically, this function satisfies the following properties:

(A)  H(Ry, oy B) SH (P, o Br), if N, =P, for all 1 <j<k;
(B) H(gzln ) g’tmo gthrl: () mn) <I—I(ﬂ?ls () mm) +H(mm+lﬂ ey gtn)o

(C) if My, .., N, =N, then HN,, ... N, ity oo W) <HNR, R,iqs oo
9n,);

(D) if {p,} is any family of minimal projections in 9 such that 3, p, =1,
then H(9) =3, n(z(p.));

(E) if 9, ..., N, are pairwise commuting then H(N,, .., N,)=H(N, U ---
wI)");

(F) if @ is an automorphism of R preserving the trace 7, then H(®(N,), ...,
D(Ny)) = HN,, .., ).

Now, if @ is a z-preserving automorphism of R, then properties (B) and (F)

imply that that the limit

HN, @) = lim %H(‘R, BN, .., D I(N)) (V.3)

k —
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exists. We define the CS entropy as the supremum of the above quantity over all
possible choices of the finite dimensional algebra 9,

hes(®)=  sup  H(R, @) (V4)

N, dim N < ©

To be able to compute /2 4(P) we need a non-commutative version of the Kolmogorov—
Sinai theorem. Such a theorem was proved in [ CS] and is formulated as follows.

THEOREM V.1. Let {M,} be an increasing sequence of finite dimensional von
Neumann subalgebras of R such that the weak closure (U, M)~ of Up Ny is R.
Then

hes(@)= lim H(R,, D). (V.5)

k— o

Recall that von Neumann algebras having the property assumed in the theorem
above are called hyperfinite. This theorem was used in [CS] to compute the
entropy of the non-commutative Bernoulli shift.

As expected, the CS entropy reduces to the KS entropy in the commutative case.

THEOREM V.2. Let M be a compact space with a Borel probability measure dv
and let ¢ be a measure preserving automorphism of M. Consider the von Neumann
algebra R = L™ (M) with the trace t given by (111.4), and the automorphism @ of R
defined by (V.2). Then hos(@)=hgs(@).

V.C. The actual definition of H(9,, ..., 9,) will play a role below and so
we summarize it briefly.

We consider a von Neumann subalgebra 9t < R, and define the following inner
product on 9 (x, y) =7(x*y). The completion of 9t in the norm induced by this
inner product is a Hilbert space which we denote by L*(9). Let Pg: L*(R)—
L*(M) be the orthogonal projection on L*(M) and let Ey, denote the restriction of
Py, to the dense subspace R = L*(R). This is a non-commutative version of the con-
ditional expectation operator.

Let now %, be the set of all sequences of elements of R, x = {x;}, where ie N*,
such that:

(@) x;=0;
(b) all but finitely many x; are zero;
() 2ixi=1L
For xe %, and 1 </ <k we set
X;, if k=1,
X! = (V.6)

J :
Z xfl"'fl—ljil+l"'fk’ if k>2'

S R A N 3
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We define
HMNy, .., N,)=sup { Y ot = (n(qulxj))} (V.7)
xe % UieNk L j

It now takes quite a lot of skill to establish the results stated above, and we refer
the interested reader to [ CS] for details.

V.D. We now formulate and prove a technical result which will be a basis

for the arguments of next section.

LEMMA V.3. Let R,=L*(M), where M is a compact space with a Borel prob-
ability measure dv and the natural faithful normal trace 7,(- fM )dv, let ‘R, be
a finite dimensional von Neumann algebra with a faithful normal trace t,, and let ¥
and @ be trace preserving automorphisms of R, and R,, respectively. Consider the
hyperfinite von Neumann algebra R=R,QNR, with the faithful normal trace
T1=17,®71,, and the t-preserving automorphism I'=¥Y Q@ ® of R. Then h s(I')=

hes(¥).
Proof. The proof of this lemma proceeds in steps.

Step 1. For any collection of finite dimensional subalgebras 9, ..., 9, =R,
HMN R, ., @R, =H(M, U --- UIL)" ®R,). (V.8)
To prove this, note first that by property (C) of Section V,
H% R, .. QR <H((N U - UIL) ® R,), (V.9)
as M, @R, <(y U --- UNL)"®R,. To prove that
H9 @R, o, QR ZH(N U - L) @R,), (V.10)
we proceed as follows. Let P/, .., P-j;/_, 1 <j<n;, where n;=dim R, denote the
minimal projections in NM;, and let £, .., £, be minimal projections in R, such that
>, E;=1 We set
Xiiot =E QP+ o P, =(E,®QP;) -+ (E,®P,), (V.11)

and observe that {x,, ...} €S, ., and it forms a system of minimal projections in
(M0 - UML) ®ONR,. Smce 7(x4i...;) =0, property (D) of Section V implies that

H(W U - 0N)" @Ry)= 3 t(n(x..5))

[LIRERR/3

<I{(g’tl ® 9123 e 9’tkégs}{Z)
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Step 2. 1If N is a finite dimensional subalgebra of R,, then
HN®R,)=HN)+ HR,). (V.12)
To prove this, note that for a projection Pe 9, and a projection E€R,,
©(n(P® E)) = 1,(5(P)) To(E) + 7,(P) 12(5(E)). (V.13)

Denoting by P, .., P,, and E,, .., E, systems of minimal projections in 9t and R,,
respectively, and using property (D), we obtain

HM®R,) = Z T1(77(Pj)) To(Ey) + Tl(Pj) To(n(Ey))
ok
_ZTI n(P;) +ZT2 (Ey))
—H(‘ﬁ)—i—H(‘R ).

Step 3. Choose now an increasing sequence {B,},. of finite dimensional
subalgebras of R, such that (|, ®,,) ~ = R,. Then { P, ® R}, . forms an increasing
sequence of finite dimensional subalgebras of M, ®R,, and (Y, B, ®R,) ™ =
R, ® R,. Therefore, by Theorem V.1,

hes(P@®) = lim H(B,®OR,, YO ). (V.14)

By Steps 1 and 2,

H(P,@R,, P(P,) ® D(Ry), ... PX1(B,) @D (R,))
=H(P,@R,, P(B,) @R, .. ¥ 1(P,)OR,)

)

)

(
(B, U (B0 - UPTI(B,) @R,
(B, L (B, U - U PTIPB,))") + H(R,)
(B PP, s PETHBL)) + H(R,).

But H(R,) is a constant independent of k, and so

U
U

H
H
H

HR @R, YQP)=H(R,, ¥), (V.15)

which proves the lemma. |i

VI. ENTROPY OF THE QUANTIZED DYNAMICS

VI.A. We are now ready to compute the CS entropy of the quantized cat
and baker’s dynamics.
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THEOREM VI.1. The CS entropy of the quantized cat dynamics on the torus is
equal to the classical value,

hes(Iy) =log |uy|. (VL1)

Furthermore, if |tr(y)| <2, then hes(I,) =0.

It is an interesting question, even if without physical significance, whether
Theorem VI.1 holds without the assumption that 1/2x is rational. In that case, 2,
is not isomorphic to a finite dimensional algebra tensored by an abelian algebra,
and so Lemma V.3 cannot be applied. In the case of topological entropy,
Voiculescu [ V1] has recently shown that the entropy of the quantized dynamics
does not exceed the classical value.

An analogous result holds for the quantized baker’s map.

THEOREM VI.2. The CS entropy of the quantized baker’s map is equal to the KS
entropy of the classical baker’s map,

hes(B,)=log2. (VIL.2)

It is easy to prove the above theorems. Indeed, according to Theorem II1.3 and
Theorem IIL.5, A, and I, have precisely the structure required by Lemma V.3.
Hence, hcg(17) =hes(W),). It is easy to see that the map 6 — y0+ 4, is conjugate
to the cat map 6 — y6. According to the well known theorem [ CFS], conjugate
maps have equal KS entropies, and so Theorem V.2 implies that /1g(D) = hgg(y).
Theorem VI.1 follows from (L.11).

The proof of Theorem VI.2 is analogous, with Theorem IV.3 replacing
Theorem II1.5, and the final conclusion following from (1.14).

VI.B. We conclude this section with a brief discussion of a dynamical
system on a torus which is ergodic but is not chaotic. Consider the Kronecker map
on the torus defined by

K:(x1,x,) = (X1 +w;, X, + ®,). (VL3)

This map is known to be ergodic if and only if the frequencies w, and w, are
linearly independent over Z. The Kronecker map is, however, not chaotic, as its KS
entropy is easily found to be zero [ CFS].

In terms of the complex variable z, the Kronecker map reads

K. z-z+ o,

with w=(w, + ia)z)/ﬂ, and so to quantize it we need to find a unitary operator
implementing the following Bogolubov transformation:

AT 5 AT+ ol
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As in the case of the cat map the unitary operator is uniquely (up to a phase) deter-
mined by the above condition. In fact, an easy consequence of (11.2) is that

U —-w) ATU(—w) '=AT+ ol

and so U(—w) is the required unitary operator.
Let now K, be the automorphism of the quantum torus given by by K,(-)=
U(—w)(-) U(—w)~". Evaluated on the generators of 2, K, is:

K/z( U) = eZiﬂUn U)

. (V14)
Kh( V) — emeZV

Assume now that #=1/2zN, in which case Theorem II1.3 is applicable. It is easy
to see that K, can be factorized, with the first factor given by the following
automorphism of L*(T?):

f10) = f(0, + Nw,, 0, + Nw,). (VL5)

Hence, the CS entropy of K, is equal to the KS entropy of (VIL.5) and is thus zero.
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